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Problem statement



A � Rn,n
q � Rn

z, r � Rn �?



A � Rn,n
q � Rn

z, r � Rn �?

z � 0
r := Az+ q � 0

zTr = 0





Motivation





Quadratic Programming



Optimal stopping



Bimatrix games



Market equilibria







Matrix Theory



Def

Def

For an arbitrary matrix                               , its comparison matrix 
                                        is entry-wise defined as follows

A = [aij] � Cn,n

M(A) := [μij] � Rn,n

μij :=
�

|aii|, i = j,
�|aij|, i �= j.

Matrix A is referred to as an     -matrix if and only if              is an 
    -matrix, i.e.                         . 
     -matrix            -matrix with positive diagonal entries.

M(A)
M

H
M(A)�1 � 0

H+ � H





LCP solvability



Th

Given                  being an       -matrix, there exists a unique  
solution       of                    .

A � Rn,n H+

z� LCP(q,A)

Bai, Z-Z., Evans, D.J.: Matrix multisplitting relaxation methods for linear 
complementarity problems, International Journal of Computer Mathematics, 
63 (1997), 309-326.

Assumption of      being        poses no restriction.A H+!

Solving                     numerically.LCP(q,A)





Basic concepts
Iteration methods for LCP



Def

Let                 . If                          so that      is nonsingular and 

then      represents a splitting of matrix     .

A � Rn,n �M,N � Rn,n M
A = M� N,

A

Splitting is     -compatible if                                         , additionally.M(A) = M(M) � |N|H



Th

Ω � 0

(Ω+M)x = Nx+ (Ω� A)|x| �γq,

x

z =γ�1(|x| + x) r =γ�1Ω(|x| � x).

Let                       be a splitting of A = M� N A � Rn,n,

γ > 0
… nonnegative diagonal matrix,
… positive arbitrary scalar.

If     is a solution of                    , thenz x =
1
2γ(z�Ω�1r)

satisfies IFPE

If     satisfies     , then the solution of                   is given by

LCP(q,A)

LCP(q,A)

�

�

and

1

2





MPC
Multiprocessor parallel computers



Disk

Main Memory

cache

CPU

cache

CPU

cache

CPU



Disk

Main Memory

cache

CPU

cache

CPU

cache

CPU

cache

CPU

21 3 �



represents a multisplitting of     .

Def

… given integer - number of processors � (� � n)
A = Mp � Np,p = 1, 2, . . . , � … splittings of 

… nonnegative diagonal matrices:                      .  Ep � Rn,n
��

p=1

Ep = E

(Mp,Np, Ep)(p = 1, 2, . . . , �)
Collection of triples

A

A



(Mp,Np, Ep)(p = 1, 2, . . . , �) A
z(0) � Rn+
k � 0 {z(k)}�

k=0 � Rn+,

(Ω+Mp)x(k,p)= Npx(k) + (Ω� A)|x(k)| �γq p = 1, 2, . . . , �,

x(0) =
1
2γΩ

�1((Ω� A)z(0) � q),

x(k+1) =
��

p=1

Ep x(k,p) z(k+1)= 1
γ (|x(k+1)|+x(k+1)).

… multisplitting of 

… arbitrary initial vector 

for until convergence of

with

Modulus synchronous multisplitting (MSM) iteration method for LCP

γ > 0
… arbitrary square matrix of order n
… arbitrary constant 

Ω � 0



Def

D = diag(A) p = 1, 2, . . . , �
Lp
Up = D� Lp � A,

(D� Lp,Up, Ep)(p = 1, 2, . . . , �)

and for
… strictly lower triangular 

… zero-diagonal
… nonnegative diagonal matrices:                      .  Ep � Rn,n

��

p=1

Ep = E
Collection of triples

represents a triangular multisplitting of     .A



Triangular multisplitting: MSM �� MSMAOR

Convergence results:

Bai, Z.-Z., Zhang, L.-L.: Modulus-based synchronous multisplitting 
iteration methods for linear complementarity problems, Numerical 
Linear Algebra with Applications, 20 (2013), 425-439.

Cvetković, Lj., Kostić, V.: A note on the convergence of the MSMAOR 
method for linear complementarity problems, Numerical Linear Algebra 
with Applications, 21 (2014), 534-539.







represents a 2-stage multisplitting of     .

Def

… multisplitting of

… splittings of 

Collection of triples

A

A(Mp,Np, Ep)(p = 1, 2, . . . , �)
Mp = Fp � Gp(p = 1, 2, . . . , �) Mp

(Mp : Fp,Gp;Np; Ep)(p = 1, 2, . . . , �)



Disk

Main Memory

cache

CPU



Disk

Main Memory

cache

CPU

p

k



Disk

Main Memory

cache

CPU

p

1

2

3

νp

k

x(k,p,νp)



A
z(0) � Rn+

k � 0 {z(k)}�
k=0 � Rn+,

… 2-stage multisplitting of 
… arbitrary initial vector 

for until convergence of

Modulus synchronous 2-stage multisplitting (MSTM) iteration method

(Mp : Fp,Gp;Np; Ep)(p = 1, 2, . . . , �)

νp(p = 1, 2, . . . , �) … number of inner iterations

�
�

�

(Ω+ Fp)x(k,p,j+1) = Gpx(k,p,j) + b(k,p)

p = 1, 2, . . . , �
j = 0, 1, . . . ,νp � 1

b(k,p) = Npx(k) + (Ω� A)|x(k)| �γq, x(k,p,0) = x(k), �



Modulus synchronous 2-stage multisplitting (MSTM) iteration method

x(0) =
1
2γΩ

�1((Ω� A)z(0) � q),

x(k+1) =
��

p=1

Ep

z(k+1)= 1
γ (|x(k+1)|+x(k+1)).

with

x(k,p,νp)

�



Def

D = diag(A) and parts of
… diagonal

… strict lower triangle

Collection of triples

represents a 2-stage triangular multisplitting of     .A

Mp(p = 1, 2, . . . , �)

… zero-diagonal
so that

D(M)
p = diag(Mp)
L(M)
p

U(M)
p

Mp = D(M)
p � L(M)

p � U(M)
p .

(Mp : D(M)
p � L(M)

p ,U(M)
p ;Np; Ep)(p = 1, 2, . . . , �)



2-stage triangular multisplitting: MSTM �� MSTMAOR

Fp =
1
α (D(M)

p �βL(M)
p ),

Gp =
1
α

�
(1�α)D(M)

p + (α�β)L(M)
p +αU(M)

p

�
,

α,β … relaxation parameters



Convergence for MSTMAOR iteration method (Bai, Z.-Z., Zhang, L.-L. 2013)

is

and a 2-stage triangular multisplitting of     A

If are -compatible splittings and

then and arbitrary under the condition that

A � Rn,n H+, D = diag(A), B = D� A, γ > 0, Ω � D,

(Mp : D(M)
p � L(M)

p ,U(M)
p ;Np; Ep)(p = 1, 2, . . . , �).

M(Mp) = D� |L(M)
p | � |U(M)

p |(p = 1, 2, . . . , �), D = diag(Mp),

lim
k��

z(k) = z�, �z(0) � Rn+ νp,

0 <β �α <
1

ρ(D�1|B|) .

A = Mp � Np(p = 1, 2, . . . , �) H



Convergence for MSTMAOR iteration method (Bai, Z.-Z., Zhang, L.-L. 2013)

is

and a 2-stage triangular multisplitting of     A

If are -compatible splittings and

then and arbitrary under the condition that

A � Rn,n H+, D = diag(A), B = D� A, γ > 0, Ω � D,

(Mp : D(M)
p � L(M)

p ,U(M)
p ;Np; Ep)(p = 1, 2, . . . , �).

M(Mp) = D� |L(M)
p | � |U(M)

p |(p = 1, 2, . . . , �), D = diag(Mp),

lim
k��

z(k) = z�, �z(0) � Rn+ νp,

0 <β �α <
1

ρ(D�1|B|) .

A = Mp � Np(p = 1, 2, . . . , �) H

!



Expansion of the parameter area (Cvetković, Lj., Kostić, V., Šanca, E. 2015)

β � 0
�
θmax{α,ξβ} + (1�θ)α

�
ρ(D�1|B|) < min{1,α}

0 <α <
1

ρ(D�1|B|) , 0 �β <
min{1,α} � (1�θ)αρ(D�1|B|)

ξθρ(D�1|B|) .

and

or, equivalently,



Expansion of the parameter area (Cvetković, Lj., Kostić, V., Šanca, E. 2015)

1st stage

2nd stage

A = Mp � Np =� Mp =Θp � A,H-compatible splittings and

Θp = [θpij ] : 0 �θpij � 1, 1 � i, j � n,

θ = max{θpij : p = 1, 2, . . . , �, j < i},

M(Mp) = D� |L(M)
p | � |U(M)

p | =� L(M)
p =Ξp � (�Mp),

for otherwiseΞp = [ξpij ] : 0 �ξpij � 1 1 � j < i � n ξpij = 0

ξ = max{ξpij : p = 1, 2, . . . , �, j < i}.



�

�
2 1 0

�1 2 �1
0 �1 2

�

�

A

=

�

�
2 0.5 0

�0.7 1 �0.3
0 �0.6 2

�

�

M

�

�

�
0 �0.5 0
0.3 �1 0.7
0 0.4 0

�

�

N

, Θ =

�

�
1 0.5 1
0.7 0.5 0.3
0 0.6 1

�

� ,

M =

�

�
2 0 0
0 1 0
0 0 2

�

�

D

�

�

�
0 0 0
0.28 0 0
0 0.18 0

�

�

L

�

�

�
0 �0.5 0
0.42 0 0.3
0 0.42 0

�

�

U

, Ξ =

�

�
0 0 0
0.4 0 0
0 0.3 0

�

� .

θ = max{0.7, 0.6} = 0.7 ξ = max{0.4, 0.3} = 0.4



ρ :=ρ(D�1|B|),

r := �1�θ
ξθ ,

s :=
1

ξθρ ,

t := 1� (1�θ)ρ
ξθρ .













Numerical examples









Matrix catalogue
Selected collection



assumptions

� = 1 ν = 2 Ω = D… single processor

M = D�θB

L(M) =ξθLA

(1st stage)

(2nd stage)

ξij =ξ, θij =θ, �i, j.

aim

plotting level curves of ρ(LMSTMAOR(α,β)) α�βin plane

(A = D� B, D = diag(A))

(A = DA � LA � UA)
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chemical process simulation problem

Sparse Matrix Collection
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Thank you!

Hvala!

Gracias!
Danke schön!

Merci!
Grazie!

Obrigado!

謝 謝

Спасибо!

Ευχαριστώ




