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In order to solve large sparse linear complementarity problems on parallel multiprocessor systems, modulus-based synchronous
two-stage multisplitting iteration methods based on two-stage multisplittings of the system matrices were constructed and inves-
tigated by Bai and Zhang (Numerical Algorithms 62, 5977 2013).These iteration methods include the multisplitting relaxation
methods such as Jacobi, Gauss-Seidel, SOR and AOR of the modulus type as special cases. In the same paper the convergence
theory of these methods 1s developed, under the following assumptions: (1) the system matrix 1s an H+-matrix and (11) one accel-
eration parameter 1s greater than the other. Here we show that the second assumption can be avoided, thus enabling us to obtain
an improved convergence area. The result 1s obtained using the similar technique proposed by Cvetkovi¢ and Kosti¢ (Numerical
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Matrix Theory



Def
~ Foran arbitrary matrix A = [a;] € C™" , its comparison matrix
M(A) := [;] € R™ is entry-wise defined as follows

U ::{ ajil, 1=,
) _‘aij|7 I#J

Def
~ Matrix A is referred to as an H-matrix if and only it M(A) isan
M-matrix, i.e. M(A)~' > 0.
H™-matrix ~ H-matrix with positive diagonal entries.






| CP solvability



Th

Given A € R™" being an H™-matrix, there exists a unique
solution z, of LCP(q,A).

c Assumption of A being HT poses no restriction.

& Solving LCP(q,A) numerically.

Bai, Z-Z., Evans, D.J.: Matrix multisplitting relaxation methods for linear

complementarity problems, International Journal of Computer Mathematics,
63 (1997), 309-326.






'teration methods for LCP

Basic concepts



Def

Let A e R™"™ If M, N € R™" so that M is nonsingular and
A=M—N. J

then ) represents a splitting of matrix A .

Splitting is H-compatible it M(A) = M(M) — |N|, additionally.



Th

Let A= M — N beasplittingof A e R™",
() >0 --- nonnegative diagonal matrix,
y >0 --- positive arbitrary scalar.

 Ifzisasolutionof LCP(q,A),then x = ! VY (2 — Q- r)

satishies |IFPE 2
(Q+M)x=Nx+(Q-A)X—VQg, &
& It x satisfies &, then the solution of LCP(q, A)is given by

z=y (Ix|+%x) and r=y "Q(x - x).






MPC

Multiprocessor parallel computers
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Def

¢ -+~ given integer - number of processors (¢ < n)

A: Mp D vap: 1727“'78 Sp|ltt|ﬂgS OfA ,

Ep € R™™ - nonnegative diagonal matrices: » E, =E.
p=1

Collection of triples
(’\/\p7 Np, Ep)(p — 1,2, S5 C ,g)

represents a multisplitting of A.



Modulus synchronous multisplitting (MSM) iteration method for LCP

(Mp,Np, Ep)(p=1,2,...,€) --- multisplitting of A
2 ¢ RY -+ arbitrary initial vector

for k > 0 until convergence of {z¥}2, C R,

(Q +Mp)x P =Nx® +(Q-A)x®|-—yqg p=1,2,....,¢
with

1 _
O =Sy Q7 (Q-AZ? - ),

14
KD = SYE xop) gk L D] x (1),
p—1 4
(0 >0 --- arbitrary square matrix of order n
Yy >0 ... arbitrary constant



Def
D =diag(A) andfor p=1,2,....¢
Ly -+ strictly lower triangular
Up =D — L, — A, - zero-diagonal /
E, € R™ - nonnegative diagonal matrices: » E, =E.

Collection of triples p=1
(D - Lp7Up7Ep)(p — 1,2,. ,Z)
represents a triangular multisplitting of A



Triangular multisplitting: MSM — MSMAOR

Convergence results:

© Bai, Z-Z, Zhang, L-L: Modulus-based synchronous multisplitting
iteration methods for linear complementarity problems, Numerical
Linear Algebra with Applications, 20 (2013), 425-439.

® Cvetkovic, Lj., Kosti¢, V.: A note on the convergence of the MSMAOR
method for linear complementarity problems, Numerical Linear Algebra
with Applications, 21 (2014), 534-539.









Def
(Mp,Np, Ep)(p=1,2,...,¢) --- multisplitting of A
Mp — Fp - Gp(p — 1727 > 0 c 76) Sp\lttlﬂgs Of Mp
Collection of triples

(Mp : FpaGp3Np§Ep)(p — 172,~->€)

represents a 2-stage multisplitting of A.
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‘Modulus synchronous 2-stage multisplitting (MSTM) iteration method

(Mp : Fp, Gp; Np; Ep) (P =1,2,...,¢) --- 2-stage multisplitting of A
29 ¢ R -+ arbitrary initial vector

Vo(P=1,2,...,¢) --- number of inner iterations

for k >0 until convergence of {z¥}°, c R,

p=1,2,...,¢

(Q + Fp)x(k,p,JH) — pr(k,m) 4+ pkp)
j:O,1,..., Vp_1

pP) = Nox® + (Q — A)x®| - yq, xK&PO = x®



‘Modulus synchronous 2-stage multisplitting (MSTM) iteration method

%

with
(.
%®:§VQ1«Q—Aﬁ@—q%

14
o=

1
Z(k+1) — (] (k+1)‘+x(k+1)).

Y



Det
D = diag(A) and partsof My(p=1,2,...,¢)
DSV‘) = diag(Mp) --- diagonal

LEDM) -+ strict lower triangle

UE)M) -+ zero-diagonal
sothat My, = Dy — L3 — U™
Collection of triples

(Mp : DS — LS USY Np; Ep)(p = 1,2,...,0)
represents a 2-stage triangular multisplitting of A.



2-stage triangular multisplitting: MSTM — MSTMAOR

1
o= (05" = BL,),

1
Gp = —((1— a)Dp" + (a = B + aUi™).

a, 3 --- relaxation parameters



Convergence for MSTMAOR iteration method (Bai, Z.-Z., Zhang, L.-L. 2013)

AcR"MisHT,

D =diag(A), B=D-A, y >0, Q>D,

and a 2-stage triangular multisplitting of A

M
(Mp, : DE) )

fA=Mp—Np(p=1,2,.

M(Mp) —

then lim z® =z,

k— 00

vz ¢

O< B <acx

— LW U NG Ep)(p=1,2,...,0).

¢) are H-compatible splittings ana

D — |L§>M>\ — UM |(p=1,2,...,0), D=diag(Mp),

RY and arbitrary v p, under the condition that

1
o (D-1[B])




Convergence for MSTMAOR iteration method (Bai, Z.-Z., Zhang, L.-L. 2013)

AcR"MisHT,

D =diag(A), B=D-A, y >0, Q>D,

and a 2-stage triangular multisplitting of A

M
(Mp, : DE) )

fA=Mp—Np(p=1,2,.

M(Mp) —

then lim z® =z,

k— 00

vz ¢

— LW U NG Ep)(p=1,2,...,0).

¢) are H-compatible splittings ana

D — |L§>M>\ — UM |(p=1,2,...,0), D=diag(Mp),

RY and arbitrary v p, under the condition that

1

th 0O< a < .
O <8O < o)



Expansion of the parameter area (Cvetkovi¢, Lj., Kosti¢, V., Sanca, E. 2015)

B >0 and (9 max{d, § B} + (1 — G)G)P(D_1\B\) < min{1, a}

or, equivalently,

1 min{1, a} — (1 - 6)a p(D~'|B|

TR £6p(D B '




Expansion of the parameter area (Cvetkovi¢, Lj., Kosti¢, V., Sanca, E. 2015)

|st stage
A =M, —-N, H-compatipble splittingsand = M, = O 0A,

=[0;]: 0< By <1, 1<ij<n,

v :max{egzp: 1,2,...,0, J<lI},
2nd stage
M(Mp) =D — [L5W] — JUpY| = LYW = -po< Mp).

Ep:[f] O<§U_1for1<J<|<n U = 0 otherwise

E =max{&;:p=1,2,....0 j<i}.
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Numerical examples












Matrix catalogue

Selected collection



assumptions

¢ =1 - single processor vV =2 Q=D

(1st stage) M=D- OB (A=D-B, D=diag(A))
(2nd stage) LM — € Q1,4 (A =Dp—La—Up)
Cij=¢6, 0O5j=0, Vij.
alm

plotting level curves of P (Lmstmaor(@, B)) in a — B plane
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BZ_val 0.3511 0.2620 0.3501 0.24383

CKS_val 0.3501 0.2485 0.3501 0.24383
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r/c:137 /137
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impcol_c (*modified)

chemical process simulation problem
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BZ_val 0.6917/ 0.6058 0.6895 0.56/1

CKS_val 0.6895 0.5676 0.6895 0.56/1
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