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The bad news. . .

... all groups will be monoids with no identity.
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The good news. . .

g
=

... all sandwiches are vegan, halal, kosher, nut free, gluten free. ..
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Joint work of: yours truly. ..
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.and James East (FBI)
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...errr, | mean, James East (Western Sydney University)
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Sandwiches?
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Sandwiches?
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Linear sandwich semigroups (Lyapin, 1960; cf Brown 1955)
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Linear sandwich semigroups (Lyapin, 1960; cf Brown 1955)

> Let M, be the set of all m x n matrices over a field F.
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Sandwiches?
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Linear sandwich semigroups (Lyapin, 1960; cf Brown 1955)

> Let M, be the set of all m x n matrices over a field F.

» Fix Ae Mup.
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Sandwiches?

Linear sandwich semigroups (Lyapin, 1960; cf Brown 1955)

> Let M, be the set of all m x n matrices over a field F.
> Fix Ae Mpnm.
> For X, Y € M, define X x Y = XAY.
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Sandwiches?

Linear sandwich semigroups (Lyapin, 1960; cf Brown 1955)

> Let M, be the set of all m x n matrices over a field F.
> Fix Ae Mpnm.
> For X, Y € M, define X x Y = XAY.

> Mﬁn = (M mn, ) is a linear sandwich semigroup.
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Sandwiches?

Linear sandwich semigroups (Lyapin, 1960; cf Brown 1955)

> Let M, be the set of all m x n matrices over a field F.
> Fix Ae Mpnm.
> For X, Y € M, define X x Y = XAY.

> Mﬁn = (M mn, ) is a linear sandwich semigroup.

Example

If m=nand A= 1, then M2, = M, is the full linear monoid.
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Plan (non-linear)
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Plan (non-linear)

» Green'’s relations

Igor Dolinka 7 Linear sandwich semigroups



Plan (non-linear)

» Green'’s relations

> regular elements
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Plan (non-linear)

» Green'’s relations
> regular elements

> ideals
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Plan (non-linear)

» Green'’s relations
> regular elements
> ideals

> idempotent generation
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Plan (non-linear)

> Green's relations

> regular elements

> ideals

> idempotent generation

» small (idempotent) generating sets
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Plan (non-linear)

> Green's relations

> regular elements

> ideals

> idempotent generation

» small (idempotent) generating sets

> bigger sandwiches?

Igor Dolinka 7 Linear sandwich semigroups



Egg-box diagrams for M,, (F = 7Z)
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Egg-box diagrams for M,, (F = 7Z)

N 1| ! !

: ! N 1 [N 1
Ll ER ,

. | ‘ | \[ f
BB B 0
box rank
Within a row , matrices have same column space
column row space
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Egg-box diagrams for M,, (F = 7Z)

E

e 1

I

E] 11 ak ‘
R [
10 F U1 H 1} O
box D-related

Within a row , matrices are Z-related
column Y-related
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Egg-box diagrams for M,, (F = 7Z)

1 1 1

i &
e ®m o

» Cells with an idempotent matrix are shaded.

» These are subgroups of M ,(F) isomorphic to

GL(r, F).
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Egg sandwiches — M4
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Egg sandwiches — M4

IR RN D ,D D IR




Easy lemmas

If A,B € M,m and rank(A) = rank(B), then M#a, = M5B

Igor Dolinka 11 Linear sandwich semigroups



Easy lemmas

If A,B € M,m and rank(A) = rank(B), then M#a, = M5B

» So we study M2 where

mn?’

J=J = [’0’8] € Mpm (0 < r < min(m, n) is fixed).
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Easy lemmas

If A,B € My, and rank(A) = rank(B), then M2 = MB .

» So we study M2 where

mn?’

J=J = [’0’8] € Mpm (0 < r < min(m, n) is fixed).

» Write elements of M, in 2 x 2 block form:

[é g]’ Where A € Mrr: B S Mr’n—r, etc.

Igor Dolinka 11 Linear sandwich semigroups



Easy lemmas

If A,B € M,m and rank(A) = rank(B), then M#a, = M5B

» So we study M2 where

mn?’

J=J = [88] € Mpm (0 < r < min(m, n) is fixed).

» Write elements of M, in 2 x 2 block form:
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Green's relations
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Green's relations
Let X, Y € M, Write

> X:@Y <=> XMn == YMnr
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Green's relations
Let X, Y € Mp,. Write

> X:@Y <=> XMn == YMnr
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Green's relations
Let X, Y € Mp,. Write

> X%Y@’Xan YMnr
> X JY & MpXMpy=MpYM,,
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Green's relations
Let X,Y € M,,. Write

> XZY & XM,=YM,, > H =%NYL,
> XLY & MpX = M,Y, > D=\ L.
» X 7Y & MpXMp=MpYM,,
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Green's relations
Let X,Y € M,,. Write

> XZY & XM,=YM,, > H =%NYL,
> XLY & MpX = M,Y, > D=\ L.
» X 7Y & MpXMp=MpYM,,

For X € Mump, write Rx ={Y € M, : XZY}, etc.
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Green's relations
Let X, Y € M, Write

> XZY & XM, =YM,, > H=ANYL,
> XZLY & MpX=MnY, > D=R%V L.
» X 7Y & MpXMp=MpYM,,

For X € Mpmp, write Rx ={Y € Mpmp : XZY}, etc.

> Ry = {Y € My : Col(X) = Col(Y)}.
» Lx ={Y € Mp, : Row(X) = Row(Y)},

» Jx = Dx ={Y € My, : rank(X) = rank(Y)}
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Green's relations
Let X, Y € M, Write

> Xc@y = X*an — Y*an, - |e, XJan — YJan,
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Green's relations
Let X, Y € M, Write

> XZY & X*xMmppn =Y * Mpp, —ie., XIMpn = YdMpp,
> XQE/ﬂY{;\’an*X:an* Y,
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Green's relations
Let X,Y € M,,. Write

> XZY & XxMpp =Y x Mpp, —ie., XdIMpp, = YIM i,
ngY{:}an*X:an*Y,
>X/Y@an*X*an:an*Y*an,
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Green's relations
Let X,Y € M,,. Write

> XZY & XxMpp =Y x Mpp, —ie., XdIMpp, = YIM i,
ngY{:}an*X:an*Y,
>X/Y@an*X*an:an*Y*an,

v

H =RNYL,
>» 9=V L.
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Green's relations
Let X,Y € M,,. Write

> XZY © X*xMpmp=Y x Mpp, —ie, XIMpp = YIMpp,
> XZ2Y & Mppx X = Mppx Y,

> X IY & Mpp*x Xk Mpp = Mppx Y %« Mpp,

> =FNYL,

> P =%V L.

These are the usual Green's relations on M4 .
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Green's relations
Let X,Y € M,,. Write

> XZY © X*xMpmp=Y x Mpp, —ie, XIMpp = YIMpp,
> XZY & Mpnx X = Mmp*x Y,

> X IY & Mpp*x Xk Mpp = Mppx Y %« Mpp,

> =FNYL,

> P =%V L.

These are the usual Green's relations on M4 .

For X € M, write Rf ={Y € M, : XZY}, etc.
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Green's relations
Let X = [é g] € M.
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Green's relations
Let X = [2 5] € Mpmn. Easy to check:

> Xi=[egl, x=1[58], X=1[538]
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Green's relations
Let X = [2 5] € Mpmn. Easy to check:

> Xi=[egl, x=1[58], X=1[538]

> Py = {X € M : Col(XJ) = Col(X)},
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Green's relations
Let X = [2 5] € Mpmn. Easy to check:

> Xi=[egl, x=1[58], X=1[538]

> Py = {X € Mpmp : Col(XJ) = Col(X)},

> Py ={X € M, : Row(JX) = Row(X)},
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Green's relations
Let X = [2 5] € Mpmn. Easy to check:

> Xi=[egl, x=1[58], X=1[538]

> Py = {X € Mpmp : Col(XJ) = Col(X)},

» Py = {X € Mp,: Row(JX) = Row(X)},
» P=PiNPkP
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Green's relations
Let X = [2 5] € Mpmn. Easy to check:

> Xi=[egl, x=1[58], X=1[538]

> Py = {X € Mpmp : Col(XJ) = Col(X)},

> Py ={X € M, : Row(JX) = Row(X)},
» P=P1NP,={X € Mp, : rank(JXJ) = rank(X)}
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Green's relations
Let X = [2 5] € Mpmn. Easy to check:

> Xi=[egl, x=1[58], X=1[538]

> Py = {X € Mpmp : Col(XJ) = Col(X)},

» Py = {X € Mp,: Row(JX) = Row(X)},
» P=P1NP,={X € Mp, : rank(JXJ) = rank(X)}
= Reg(M7,)
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Green's relations
Let X = [2 5] € Mpmn. Easy to check:

> Xi=[egl, x=1[58], X=1[538]

> Py = {X € Mpmp : Col(XJ) = Col(X)},

» Py = {X € Mp,: Row(JX) = Row(X)},
» P=PiNP,={X € Mp,: rank(JXJ) = rank(X)}
= Reg(Mp,) < M,
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Green's relations

For X € Mn,
J RxNnPy ifXehP;
| 4 RX: .
{X} |fX€an\P]_,
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Green's relations

FOl’XEany
. R)J( _ Rx N Py
{X}

if X € Py
if X € Mpn \ Py,

if X € P

Igor Dolinka
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Green's relations

For X & any
RxNnPy ifXehP;
| 4 R)J< =
{X} ifXGan\Plv
J LxnNPy, iftXeP
> LX = .
{X} if X € Mumn\ P2,
sy [P if X e P
{X} if X € Mmn\ P,
Igor Dolinka 15

Linear sandwich semigroups



Green's relations

Proposition (continued)

For X € Mmn,
Dx NP
S
{x}

ifXeP
if X e P\ Py
ifXeP\P,
if X € Mmp\ (PLU P).

Igor Dolinka

16 Linear sandwich semigroups



High energy semigroup theory — from M, to M~
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High energy semigroup theory — from M,,, to M~
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Small generating sets
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Small generating sets

Suppose r = rank(A) < min(m, n).
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Small generating sets

Suppose r = rank(A) < min(m, n).

» The Z-maximal elements generate M4

R

L
<O

RGN Enaini

s [

\M/
/

[EEEE
e

/D\
1
O

N

-
©

Igor Dolinka Linear sandwich semigroups



Small generating sets

Suppose r = rank(A) < min(m, n).

» The Z-maximal elements generate M4

> Any generating set must contain all Z-maximal elements.

R
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CICTgee
BEEE

s [

\Mﬁ%%/

Igor Dolinka 18 Linear sandwich semigroups



Small generating sets

Suppose r = rank(A) < min(m, n).

» The Z-maximal elements generate M4

> Any generating set must contain all Z-maximal elements.

min(m,n)

> rank(MA) = Y (71,121, 9@ (g — 1)°[s]q.

s=r+1

R F RGN Enaini

CICTgee
BEEE

s [

\MW/
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Small generating sets

Suppose r = rank(A) = min(m, n).

» M2 has a unique maximal Z-class — a rectangular group.

%
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Small generating sets

Suppose r = rank(A) = min(m, n).

» M2 has a unique maximal Z-class — a rectangular group.

> rank(M2%,) = [max(m’n)] .

min(m,n)

i
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Unscrambling the egg — regular elements of Mé‘ﬁ

OO0 0o oo0oo o oono oo oonnooins
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Unscrambling the egg — regular elements of Mé‘;
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Look familiar?

1 1
1 1 2|22 |2]:
1 l ------- 22227
b ! DoEEDDI
oo mDE
1]t 1 1 :
o] 101

Reg(M353) My Reg(M52) Mo
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Look familiar?

20222 2|2f2f2]2f2|2]2]2]|2f2|2]|2]2|2]2
2(2|2]2 2|2 (2222 2|2]2]|2|2|2]|2]22]2
22|22 2|2 (2222 2|2]2]|2|2|2]|2]22]2
22|22 222222 2|2]2]|2f2|2]|2]2]|2]2
. 1 1
1] 1] plnf tlofaf .
1] 1] IRt ] 111
] vl .
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| Ty
g g : 10
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Look familiar?

2]2]2 2|22 2(2(2]2 2| 2] 2] [2
222 2|2 [2]z22]2]z2]2 2|2 2|2
2[2]z22]2]z2]2 2|2 2|2
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2[2]2]z22]2]2]2]z2]2]2 2[2]z]2
2[2]z2]2 2[2]z2]2 2|2 2
K i Ik ! 1 1 |
DOk IDRE K |
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Big bang — structure of Reg(M4 )

» P =Reg(M4,) < M2A, is an “inflated M," (r = rank(A)).
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Big bang — structure of Reg(M4 )

» P =Reg(M4,) < M2A, is an “inflated M," (r = rank(A)).

» M, has a chain of Y-classes: Dy < Dy < --- < D,.
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Big bang — structure of Reg(M4 )

» P =Reg(M4,) < M2A, is an “inflated M," (r = rank(A)).

» M, has a chain of P-classes: Dy < D1 < --- < D,.

» P has a chain of Y-classes: Dy < D1 < --- < D,.
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Big bang — structure of Reg(M4 )

» P =Reg(M4,) < M2A, is an “inflated M," (r = rank(A)).

» M, has a chain of P-classes: Dy < D1 < --- < D,.
» P has a chain of Y-classes: Dy < D1 < --- < D,.

> Ds(M,) maps onto [{], Z-classes of M,.
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Big bang — structure of Reg(M4 )

» P =Reg(M4,) < M2A, is an “inflated M," (r = rank(A)).

» M, has a chain of P-classes: Dy < D1 < --- < D,.

v

P has a chain of P-classes: Dy < D; < --- < D,.

v

Ds(M) maps onto [¢], %-classes of M,.

v

Each of these expands into g5(™=") Z-classes in DA(P).
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Big bang — structure of Reg(M4 )

» P =Reg(M2,) < M4 is an “inflated M," (r = rank(A)).

» M, has a chain of P-classes: Dy < D1 < --- < D,.

v

P has a chain of P-classes: Dy < D; < --- < D,.

v

Ds(M) maps onto [¢], %-classes of M,.

v

Each of these expands into g5(™=") Z-classes in DA(P).

v

Group ##-classes in Ds(M,) and D2(P) are = Gi.
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Big bang — structure of Reg(M4 )

Theoem

» P =Reg(M2,) < M4 is an “inflated M," (r = rank(A)).

» M, has a chain of P-classes: Dy < D1 < --- < D,.

v

P has a chain of P-classes: Dy < D; < --- < D,.

v

Ds(M) maps onto [¢], %-classes of M,.

v

Each of these expands into g5(™=") Z-classes in DA(P).

v

Group ##-classes in Ds(M,) and D2(P) are = Gi.

v

1P| = Y00 q*mt=20(2) (g — 1)[s]q! [5]2.
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Big bang — structure of Reg(M4 )

Theoem

» P =Reg(M2,) < M4 is an “inflated M," (r = rank(A)).

» M, has a chain of P-classes: Dy < D1 < --- < D,.

v

P has a chain of P-classes: Dy < D; < --- < D,.

v

Ds(M) maps onto [¢], %-classes of M,.

v

Each of these expands into g5(™=") Z-classes in DA(P).

v

Group ##-classes in Ds(M,) and D2(P) are = Gi.

1P| = Y00 q*mt=20(2) (g — 1)[s]q! [5]2.

v

v

rank(P) = gilmadEmm—o)) g
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|dempotent generators

> |E(M))| = T[],
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ldempotent generators

> |E(M))| = T[],

> |E(M ‘_ s(m+n r— s)[ ]

s=0
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ldempotent generators

> |E(M))| = T[],

> |E(M ‘_ s(m+n r— s)[ ]

s=0

» & =(E(M;)) = {I:} U(M, \ G;) — Erdos.
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ldempotent generators

> [E(M)] = Yo [,
> |E(M ‘_ - s(m+n r— s)[ ]
» & =(E(M;)) = {I:} U(M, \ G;) — Erdos.

v

rank(&,) = idrank(&,) =1+ (¢" —1)/(g — 1) — Dawlings.
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ldempotent generators

> [E(M,)| = X0 a2 [,
> |E(M ‘_ - s(m+n r— s)[ ]
> & = (E(M,)) = {1} U(M, \ G,) — Erdos.

» rank(&,) = idrank(&,) =1+ (¢" —1)/(g — 1) — Dawlings.
Emn = (E(M7,)) = E(D;)U(P\ Dy).

v
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ldempotent generators

> [E(M)| =20 a ) (1],
> |E(M ‘_ - s(m+n r— s)[ ]
» & =(E(M;)) = {I:} U(M, \ G;) — Erdos.

v

rank(&,) = idrank(&E,) =14 (¢" —1)/(qg — 1) — Dawlings.

v

Emn = (EM7,)) = E(Dr) U (P\ D).

rank(£2,) = idrank(EA,) = g max(mm=r) 4 (g" —1)/(q — 1).

v
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ldempotent generators

> [E(M)] = Yo [,

>|E(M ‘_ - s(m+nrs)[]

» & = (E(M,)) = {I,} U (M, \ G;) — Erdos.

> rank(&,) = idrank(&,) = 1+ (¢" — 1)/(g — 1) — Dawlings.

> Epn = (E(M7,)) = E(Dr) U (P\ Dy).

> rank(EA,) = iDrank(€n,) = g (m(mn=r) 4 (g" —1)/(q - 1).

Igor Dolinka posted a photo in Igor's Single Malt 2
Whisky Log. ‘
Q Yesterday at 7:12am
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Ideals

» The ideals of M, form a chain:

{O}=hbchc---Cl=M,.
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Ideals

» The ideals of M, form a chain:

{O}=hbchc---Cl=M,.

» rank(/s) = idrank(/s) = [¢], for 0 <'s < r — Gray.
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Ideals

» The ideals of M, form a chain:

{O}=hbchc---Cl=M,.
» rank(/s) = idrank(/s) = [¢], for 0 <'s < r — Gray.
» The ideals of P = Reg(M?2,,) form a chain:

{O}Z/oC/lc-"C/r:P.
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Ideals

» The ideals of M, form a chain:

{O}=hbchc---Cl=M,.
» rank(/s) = idrank(/s) = [¢], for 0 <'s < r — Gray.
» The ideals of P = Reg(M2,) form a chain:
{Oy=bhchc---Ccl.=P.

> rank(ls) = idrank(ls) = gs(max(m.n)=r) [§],for0<s<r.
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More sandwiches. . .
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More sandwiches. . .

» Let ¥ = (Ob,Hom) be a small category.
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More sandwiches. . .

» Let ¥ = (Ob,Hom) be a small category.
» If § € Hom(Y, X) is fixed, Hom(X, Y) is a semigroup under:

frg=fobog.
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» Let ¥ = (Ob,Hom) be a small category.
» If § € Hom(Y, X) is fixed, Hom(X, Y) is a semigroup under:
frg=fobog.

» MA arises when % is a linear category.
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More sandwiches. . .

» Let ¥ = (Ob,Hom) be a small category.

» If § € Hom(Y, X) is fixed, Hom(X, Y) is a semigroup under:
frg=fofog.

» MA arises when % is a linear category.

» Work is under way for diagram categories and more. ..
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Thank you!

» Variants of finite full transformation semigroups
» Dolinka and East — http://arxiv.org/abs/1410.5253
» Semigroups of rectangular matrices under a sandwich operation

» Dolinka and East — http://arxiv.org/abs/1503.03139
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