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For n ∈ N denote by Nn the set {1, 2, . . . , n} and denote by ISn the set
of all partial bijections on Nn. The set ISn forms a semigroup under
usual composition of maps. This semigroup is called the finite symmet-
ric inverse semigroup.

Let S be a semigroup, (P, X) be a semigroup of partial transformations
of the set X. Define the set SPX as a set of partial functions from X into
the semigroup S:

SPX = { f : A → S|dom( f ) = A, A ⊆ X}.

Given f , g ∈ SPX, the product f g is defined in the following way:

dom( f g) = dom( f )∩ dom(g), ( f g)(x) = f (x)g(x) for all x ∈ dom( f g).

For a ∈ P, f ∈ SPX, define f a as:

( f a)(x) = f (xa), dom( f a) = {x ∈ dom(a); xa ∈ dom( f )}.

The partial wreath product of a semigroup S with the semigroup (P, X) of
partial transformations of the set X is the set

{( f , a) ∈ SPX × (P, X) | dom( f ) = dom(a)}
with composition defined by ( f , a) · (g, b) = ( f ga, ab). We are going to
denote the partial wreath product of semigroups S and (P, X) by S op P.

The partial wreath product of inverse semigroups is also an inverse semi-
group.

Further, let S be an inverse semigroup with identity. Recall that Green’s
R(L)-relation on a semigroup S is defined as aR b ⇔ aS = bS (resp.
aL b ⇔ Sa = Sb).

A subsemigroup T of a semigroup S is called theR(L)-cross-section pro-
vided that T contains exactly one element from every R(L)-class.



Theorem. Let R′, R′′ be R-cross-sections of the semigroup ISm op ISn and
let ϕ : R′ → R′′ be an isomorphism. Then there exists an element Θ = (ϑ, θ) ∈
Sm o Sn that

ϕ
(
( f , a)

)
= Θ−1( f , a)Θ.

In other words, if ( f , a) ∈ R′ and (g, b) = ϕ
(
( f , a)

)
, then

dom b = θ
(

dom(a)
)

and for any x ∈ dom(a) we have

θ
(
a(x)

)
= b

(
θ(x)

)
, g

(
θ(x)

)
= ϑ−1(x) f (x)ϑ

(
a(x)

)
.

Dualizing this theorem we obtain a description of L-cross-sections of
semigroup ISm op ISn.

Because of the recursive definition of the partial wreath product, one can
generalize this theorem for R(L)-cross-sections of the semigroup

ISnk op ISnk−1 . . . op ISn1 .

We also compute the number of all non-isomorphicR(L)-cross-sections.
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