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Notation and Terminology

Let X is a Polish space and | C Z(X) s.t
> [ is o-ideal with a Borel base and
» [ contains all singletons,

then (X, /) is Polish ideal space
Let By (1) = Borel(X) \ | be set of all /-positive Borel sets.
Perf (X) stands for set of all perfect subsets of X
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Definition (Cardinal coefficients)
Let X - Polish space and | C #(X) be o-ideal and .% C [ let

cov(F) = min{||: o C .FAU;Z% = X}
covy(F) = min{|/| : &/ C FA(3B € B(I)| ]« =B}
cof (I) = min{|%|: B CIN(NNAel)(3IBec B)AC B}
Cof (1) = min{|B| : Z C BL(I)\(VA € B+(1))(3B € #)(B C A)}

A o-ideal of null sets and .# o-ideal of all meager subsets of X.
cov( M) = covy( M), cov(N) = covy(N).

Theorem (Cichon-Pawlikowski)
If I is c.c.c. o-ideal with Borel base then cof (I) = Cof (/)
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Complete /-nonmeasurability

Definition
Let (X, /) be Polish ideal space. We say that A C X is completely
I-nonmeasurable in X iff

(VBeBy(I)) ANB#DAANB 0.

» A C X is complete [X]=“-nonmeasurable iff A is Bernstein
subset of X,

» A C0,1] is complete .4-nonmeasurable iff A.(A) =0 and
A*(B) =1,

» A C X is complete .#-nonmeasurable if § 2 U C X then
AN U does not have Baire property.



Cichon, Morayne, RR, Ryll-Nardzewski, Zeberski

Theorem (1)

Let X be an uncountable Polish space, | C P(X) be o-ideal with
Borel base. Let A C | be a family of subsets of the space X such
that

1. X\UAel,
2. (WxeX)(UfAe A: xe A} el),
3. covp({U{A€e A: x € A}: x e X}) > Cof(1).

Then there exists A’ C A such that | J A’ is completely
I-nonmeasurable in space X.

J. Cichoni, M. Morayne, R. Ratowski, Cz. Ryll-Nardzewski, Sz. Zeberski, On nonmeasurable unions, Topology and

its Applications, 154 (2007), pp.884-893,



Regular families

Theorem (RR and Zeberski)
Let X and Y be a Polish space and | be an c.c.c. o-ideal with a
Borel base. Let F C X x Y be an analytic relation such that
» X\{xeX: 3yeY)((xy)eF)lel,
» (VyeY)({xeX: (x,y)e F} €l),
» (WxeX)({yeY: (x,y) € F}| <Np).
Then there exists Z C Y such that
{xeX: 3y € Z):(x,y) € F} is completely |-nonmeasurable in
X.
Ratowski, R., Zeberski, Sz., Complete nonmeasurability in regular families. Houston Journal of Mathematics, Vol.

34 No. 3 (2008), 773-780.



Proof

Choose F = {FY : y € Y} - is point finite.
F is analytic then

(VB e Bor(X)\I)BC[| JFli > HA€ F: BNA#D}| =

If D C X then |D[; is maximal (mod /) Borel set contained in D.
Define {As C F : £ < v} such that

> [Agl <,
> .Ag g .F\Un<£./4n,
» JUAels is maximal element of
{TUAL: AC FA\(Uyee An) NA[ < ¢}
I 'is c.c.c. then [|J A¢[) exists.



Because {A: C F : £ <~} is such that

> ‘A§| <,

> .Ag C ]:\Un<§"47)'

» JUAels is maximal element of

{TUAL: AC F\(Uyee An) AA[ < ¢}

Then

» if n < & then ]| J A¢[C]A,

» F is point finite then JA,[= 0.



Set Fo = F\ U, .., An. Because

new

(vBeBor(X)\NBC | JFli = {AeF: BNA£D} =c.

> [UFolr =[UF]s and
> (VB € Bor(X)\ )(VAC Fo) BCUA = |A = ¢



Enumerate
{Bg < c} = {B c BOF(X) \/ - BC [U]:o]/\]U]:o[/} and
{Bi:¢<c}={BeBor(X)\I: BC]UFoli}.
Define {(Ffo,Fgl,dg) e F x fX]U./To[/: £E< C}

> F2NBY#0,

> Fg1 N Bg1 #0,

> dg c Bgl,

» {d, <&} mUn<g(F7? UF)=0.
Set F' = {F{: € < cJU{F} : & <} then UF" is completely
I-nonmeasurable in [|J F];.



Regular families

Theorem (RR and Zeberski)
Let X be a Polish space and be an | o-ideal with Borel base with
the following property

(VB € Bor(X)\ 1)(3P € Perf(X)\ I)(P C B).
Let A C | be a partition of X such that
(VP € Perf(X)) (| J{A€ A: ANF # 0} € Bor(X)).

Then there exists subfamily A" C A such that | J A’ is completely
I-nonmeasurable set in space X.

Ratowski, R., 2eberski, Sz., Complete nonmeasurability in regular families. Houston Journal of Mathematics, Vol.

34 No. 3 (2008), 773-780.



Translations of small sets

Theorem
Let P C R be a null set such that

{xeR: U{t+P: xet+P}¢g N}eN.

Then there exists T C R such that T + P is completely
N -nonmeasurable.



Proof

For any real number t let us define Z; = J{x+ P: t € x+ P}
which is null by our assumption. Next, let us define

Z=J{t}xZ: teR}.



Claim. Z is null in real plane R?

Proof.
Let observe that for any t € R we have

t+Z=t+|J{x+P: 0ex+P = J{(t+x)+P: 0ex+P}
=({(t+x)+P: te(t+x)+P}
:U{y+P: tcy+P}=2.

R2(t,s) — o(t,s) = (t, t + s) € R? is homeomorphism
Wilog Zy is null Gs then Z = p[R x Zy] is Gs in R?

Because Z is Gs set and all sections Z; are null in R for every

t € R, then by the Fubini Theorem Z is null subset of the real
plane R2.



Claim. covp({Z;: teR}) =¢

Proof.
Let B € Bor(R) \ .4 then Zg = B2 Z is null subset of R

By Mycielski Theorem
there is a perfect @ C Bs.t. @\ {(x,x):x € R} C B?\ Z.
Then

(Vs,s' € Q)(s #s — Z;NZy = 0)

and then covy({Z;: teR}) =¢



end of proof

Set A= {t+ P: t € R} then
» JA =R,
» (V) U{AeA: xe Ay =Z, e N
» covp({U{Ae A: x e A} : x € X}) = covp({Z: : t e R}) = c.

Finally by Theorem (1) there is A’ C A s.t. |JA' is complete
¥ -nonmeasurable.
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