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© make you agree that it is okay for me to be interested in
Cclosed vs t=w vs haxy=w
| didn't used to be :(

@ review some proper forcing technology for diagonalizing a
maximal filter of closed sets with a free sequence

© discuss new results including that PFA implies that

hmxy = w spaces are C-closed.

Alan Dow Countably compact + countably tight and proper forcing



@ X has countable tightness (t = w) providing each Y C X is
closed if it contains the closure of all its countable subsets
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@ X has countable tightness (t = w) providing each Y C X is
closed if it contains the closure of all its countable subsets

@ for compact X, tfae

@ X has countable tightness (t = w)
@ [Arhangelskii] X contains no uncountable free sequence
© [Sapirovskii] X has hereditary countable w-character hry = w

© X is sequential if each Y C X is closed providing it contains
the limits of all its converging subsequences.

@ each sequential space has countable tightness

@ [MoMr statement:] “compact + t = w = sequential”
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@ [Ismail-Nyikos]
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@ [Ismail-Nyikos]
@ every countably compact subset of a sequential space is closed

@ C-closed= every countably compact subset is closed
@ countably compact C-closed spaces are countably tight
@ MA implies compact C-closed spaces are sequential

@ O compact + hmx =w # C-closed [Ost., Fed. '72]

@ CH + hS # C-closed [Hajnal-Juhasz '74]

Remark: C-closed is only interesting in countably compact spaces,
but “not C-closed” is always interesting
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@ the usual X-product in 2“1 is countably compact, C-closed,
t =w, and (M)7Tyx > w.

Also, it contains “many” free sequences and, even, copies of w;
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@ the usual X-product in 2“1 is countably compact, C-closed,
t =w, and (M)7Tyx > w.

Also, it contains “many” free sequences and, even, copies of w;

@ Define a topology on X = 2<«1 U {z}

A subset of Y = 2<“! is open if it is downwards closed,
hence Y is first countable
and for each p € 2%1,

[p] ={p | a:a € wi}is a clopen copy of wi, and
X\ [p] is a subbasic open neighborhood for z

X is countably compact, has hmy = w, and
forcing with 2<“1 destroys t = w and C-closed

PFA no help: meet wi-dense sets is just an old p
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Cryptic Summary (“C-closed t = w" vs hry = w)

(A) cpt + C-closed 4 seq'l + hmx =w [IN 80]; [B 89] MoMr
CON
(B) cpt + C-closed #= seq'l [D 15] (a div'g't sequence)
(C) ctbly cpt + (t = w +) C-closed M4 seq'l but not htx = w
CH
(D) ctblycpt + t =w #= C-closed [HJ 74]

O
(E) ctbly cpt + hmrx = w COMEM _closed (hence MoMr) [DE 15]

(F) ctbly cpt + t =w 22 C-closed (not hry = w) [IN? 80]

(G) ctbly cpt + hry =w PP C-closed [posed DE 15]

(H) ctbly cpt + separable + hmy = w PP+ — w indestructible
by forcing with <“*w,
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it's all about forcing free wi-sequences

Q {xn:«a €wi}is a free sequence if for all «,
{x3 : B < a} and {x, : @ < v} have disjoint closures, OR
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it's all about forcing free wi-sequences

Q {xn:«a €wi}is a free sequence if for all «,
{x3 : B < a} and {x, : @ < v} have disjoint closures, OR

Q for all «, there are open W, U, with disjoint closures, and
{xg: B <a} CWyand Uy D {xy: o <~}

@ such a family [T 90] {W,, Uy, }4 is an algebraic free sequence,
AND

Q forall a, set Yo =({UsN W, : 8 <, a<~}, and the
sequence Y = {Y, : a € wy} is a free sequence

We can get freeness of algebraic free sequence (first order)
with w; many dense sets

but, if we are hoping for Y to have an wi limit ...
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diagonalize a maximal filter F

Fremlin and Nyikos were first, then Balogh, then many more...
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diagonalize a maximal filter F

Fremlin and Nyikos were first, then Balogh, then many more...

Let Y be countably compact and t = w.
Let 7 a maximal filter of Y-closed sets with 7 — z € X\ Y
Fix W={W, : y € Y} nbd assignment with z ¢ W, ¢ F
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finally p < g providing xg € W(q, min(Cy \ B))
this basically ensures {W,; }scc, is algebraic free sequence
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diagonalize a maximal filter F

Fremlin and Nyikos were first, then Balogh, then many more...

Let Y be countably compact and t = w.
Let 7 a maximal filter of Y-closed sets with 7 — z € X\ Y
Fix W={W, : y € Y} nbd assignment with z ¢ W, ¢ F

for each countable M < (H(k),€,<, W, F), < w.o. of Y
let xps denote <t-min member of {FNM: F € MNF}
and p € P if p= M, is a finite €-chain of such M
Co={MnNwi: Me Mp} will yield a cub Cg,

set x{ = xpmrwy, and W(p,d) = {We : x5 € W,p, v € G}

finally p < g providing xg € W(q, min(Cy \ B))
this basically ensures {W,; }scc, is algebraic free sequence

proof of proper with t = w is like "no S-space”
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now with hmy = w and CH

We continue to study X = Y U {z} with Y countably compact
and now t = w for X. Also, WLOG w is dense in Y hence X has
weight ¢
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now with hmy = w and CH

We continue to study X = Y U {z} with Y countably compact
and now t = w for X. Also, WLOG w is dense in Y hence X has
weight ¢

In [DE 15] we first proved that we could countably closed force a
filter 7 — z (by weight w1) with a base of separable sets.

and then, using hmy = w and countable M, poset was totally

proper etc. and satisfied the Ny-p.i.c.
and the generic free sequence converges to z by weight < N;
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now with hmy = w and CH

We continue to study X = Y U {z} with Y countably compact
and now t = w for X. Also, WLOG w is dense in Y hence X has
weight ¢

In [DE 15] we first proved that we could countably closed force a
filter 7 — z (by weight w1) with a base of separable sets.

and then, using hmy = w and countable M, poset was totally

proper etc. and satisfied the Ny-p.i.c.

and the generic free sequence converges to z by weight < N;
what to do under PFA?
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now with hmy = w and CH

We continue to study X = Y U {z} with Y countably compact
and now t = w for X. Also, WLOG w is dense in Y hence X has
weight ¢

In [DE 15] we first proved that we could countably closed force a
filter 7 — z (by weight w1) with a base of separable sets.

and then, using hmy = w and countable M, poset was totally

proper etc. and satisfied the Ny-p.i.c.
and the generic free sequence converges to z by weight < N;

allowing us to produce a model of
CH + hrx =w = C-closed and MoMr
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Finally with hmxy = w and PFA

set up for a Picture proof using our new idea to get z a limit
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forces that Y U {z} still has countable tightness
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@ Use ¢ in extension to choose F — z with a base of separable
sets (need for proper)
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@ First use this same idea (but easier) to prove that <“'w,
forces that Y U {z} still has countable tightness

@ Use ¢ in extension to choose F — z with a base of separable
sets (need for proper)
© {J.:a € wi} enumerates those J C w such that J € F,
this is not a filter
Q@ J,€VandzeJ, soassign {J(a,)}iew, C [Jo]™0 so that
each open U > z contains some J(a,¢) ( by (hry = w)Y)
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Finally with hmxy = w and PFA

set up for a Picture proof using our new idea to get z a limit

@ First use this same idea (but easier) to prove that <“'w,
forces that Y U {z} still has countable tightness

@ Use ¢ in extension to choose F — z with a base of separable
sets (need for proper)
© {J.:a € wi} enumerates those J C w such that J € F,
this is not a filter
Q@ J,€VandzeJ, soassign {J(a,)}iew, C [Jo]™0 so that
each open U > z contains some J(a,¢) ( by (hry = w)Y)

Q@ {M, :«a € wi} is a continuous €-chain of countable
M < (H(w2), €, <, F, T, ...) — hence [wi1]™ C U, Ma.
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Well, | did say there'd be a picture

g\{‘p.ﬂ Segwn onCe

ﬂ&\ofé
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Hausdorff-Luzin gaps to the rescue
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Hausdorff-Luzin gaps to the rescue

simultaneously force cub C using H(k) big x, algebraic free
sequence {W;, Us : § € C} as before and a sequence {Ls: 0 € C}

p=MpULP, finite [P C C, X w, so that
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Hausdorff-Luzin gaps to the rescue

simultaneously force cub C using H(k) big x, algebraic free
sequence {W;, Us : § € C} as before and a sequence {Ls: 0 € C}

p=MpULP, finite [P C C, X w, so that

@ for each § € C we pick J,, in good position wrt M;
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Hausdorff-Luzin gaps to the rescue
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Hausdorff-Luzin gaps to the rescue

simultaneously force cub C using H(k) big x, algebraic free
sequence {W;, Us : § € C} as before and a sequence {Ls: 0 € C}

p=MpULP, finite [P C C, X w, so that
@ for each § € C we pick J,, in good position wrt M;
@ L5 C w is a pseudointersection for (think of Ls — xs)
{Us: e CNoYU{W, :v e C\d} (hence L C Y5)
@ for each ¢ € w, the family {Ls, J(cs,0) : 6 € C}is a
Hausdorff-Luzin family (usual demand on LP for p < q).

Then, for each open U 3 z, there is an £ such that
Sy ={0 € C:J(as,t) C U} is uncountable,

which means {6 € C : UN Ls #* 0} is uncountable
which means z is a CAP of the free sequence {Y;:d € C}
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Q@ PFAF cpt + t = w have Gs-dense set of Gy-points,
this was critical in proof of
@ [Eisworth] PFAF Np-bounded non-compact t = w spaces

contain copies of wy
(we have seen this is more useful than free sequence)

© [Koszmider] it is consistent with MA + not CH to have a
compact sequential space with no Gs-points.

© [with Hart] it is consistent (Mahlo) to have a model of MoMr
i.e. all compact countably tight are sequential
with a compact sequential space with no Gs-points.
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