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We consider a nice parametrised families of sets from fixed σ-ideal
I defined on Polish space X. The covering number (i.e smallest size of
family of sets from I for which the union is a whole space X) of regular
(in some sense) families from I are equal to c. The last property can
be used to obtain some ZFC results about nonmeasurability of unions
of small subsets of Polish space.

Here we say that a subset A ⊆ X is a completely I-nonmeasurable
if for any B ∈ Bor(X) \ I we have A ∩B 6= ∅ and Ac ∩B 6= ∅.

• If I = [X]≤ω then completely I-nonmeasurability of A ⊆ X is
equivalent to A is a Bernstein set.

• If I = N ([0, 1]) then A ⊆ [0, 1] is completely N -nonmeasurable
set iff λ∗(A) = 0 and λ∗(A) = 1 (where λ∗, λ

∗ denotes inner
and outer Lebesgue measure respectively).

• If I = M then A ⊆ X is completely M-nonmeasurable iff A
does not have Baire property in each nonempty open subset of
X.

Theorem. Let X and Y be a Polish space and I be an c.c.c. σ-ideal
with a Borel base. Let F ⊆ X × Y be an analytic relation such that

• X \ {x ∈ X : (∃y ∈ Y ) ((x, y) ∈ F )} ∈ I,

• (∀y ∈ Y ) ({x ∈ X : (x, y) ∈ F} ∈ I),

• (∀x ∈ X) (|{y ∈ Y : (x, y) ∈ F}| < ℵ0).



Then there exists Z ⊆ Y such that {x ∈ X : (∃y ∈ Z) : (x, y) ∈ F}
is completely I-nonmeasurable in X.

Theorem. Let X be a Polish space and be an I σ-ideal with Borel
base with the following property

(∀B ∈ Bor(X) \ I)(∃P ∈ Perf(X) \ I)(P ⊆ B).

Let A ⊆ I be a partition of X such that

(∀P ∈ Perf(X))
(⋃
{A ∈ A : A ∩ F 6= ∅} ∈ Bor(X)

)
.

Then there exists subfamily A′ ⊆ A such that
⋃
A′ is completely

I-nonmeasurable set in space X.
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