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Abstract. We first investigate a coupled system of nonlinear hyperbolic
partial fractional differential equations under some boundary value con-
ditions. After that, we investigate a related coupled system of nonlinear
hyperbolic partial fractional differential inclusions under some assump-
tions.
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1. Introduction

As it well known, it has been published many works on fractional delayed
equations or time-fractional partial differential equations (see for example, [1,
2, 7, 9, 13, 17, 18]). It is interesting to work in two space variables or hyperbolic
fractional partial differential equations (see for example, [3, 4, 5, 8]).

Let α = α1 + α2 /∈ N with m − 1 < α1 ≤ m and n − 1 < α2 ≤ n. The
Riemann-Liouville partial fractional order integral of a function u ∈ L1(Ja ×
Jb := [0, a]× [0, b]) is defined by

(Iαθ u)(x, y) =
1

Γ(α1)Γ(α2)

∫ x

0

∫ y

0

(x− s)α1−1(y − t)α2−1u(s, t) dt ds

whenever the integral exists ([21, 22, 23]). Also, the Caputo partial derivative
of fractional of order α for a function u ∈ L1(Ja × Jb) is defined by

(cDα
θ u)(x, y) =

1

Γ(m− α1)Γ(n− α2)

∫ x

0

∫ y

0

Dm+n
st u(s, t)

(x− s)α1−m+1(y − t)α2−n+1
dt ds,

where θ = (0, 0) denotes the lower limits of the integral and Dm+n
xy :=

∂m+n

∂xm∂yn

is the mixed partial derivative of order m + n ([21, 22, 23]). It is known
that (cDα

θ u)(x, y) = Im+n−α
θ (Dm+n

xy u)(x, y) for all (x, y) ∈ Ja × Jb ([7]). In
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2 S. Etemad, Sh. Rezapour

this paper, we first study the existence of solutions for the coupled system of
nonlinear hyperbolic partial fractional differential equations
(1.1)

(cDα
θ u)(x, y)

= f1(x, y, u(x, y), v(x, y), D
2
xu(x, y), D

2
xv(x, y), D

2
yu(x, y), D

2
yv(x, y))

(cDβ
θ v)(x, y)

= f2(x, y, u(x, y), v(x, y), D
2
xu(x, y), D

2
xv(x, y), D

2
yu(x, y), D

2
yv(x, y))

with the boundary value conditions

u(x, 0) = ϕ1(x), u(0, y) = ψ1(y), v(x, 0) = ϕ2(x), v(0, y) = ψ2(y),(1.2)

where α = α1 + α2, β = β1 + β2 with 2 < α1, β1 ≤ 3, 2 < α2, β2 ≤ 3,
α /∈ N, β /∈ N, θ = (0, 0), (x, y) ∈ Ja × Jb with a, b > 0, the mappings f1, f2 :
Ja × Jb × R6 → R are continuous, the real-valued functions ϕ1, ϕ2 : Ja → R
and ψ1, ψ2 : Jb → R are absolutely continuous with ϕi(0) = ψi(0). Here,

cDα
θ denotes the Caputo fractional partial derivative of order α, D2

x =
∂2

∂x2

and D2
y =

∂2

∂y2
. Also, we investigate its related coupled system of nonlinear

hyperbolic partial fractional differential inclusions
(1.3)

(cDα1

θ u1)(x, y) ∈
F1(x, y, u1(x, y), u2(x, y), D

2
xu1(x, y), D

2
xu2(x, y), D

2
yu1(x, y), D

2
yu2(x, y))

(cDα2

θ u2)(x, y) ∈
F2(x, y, u1(x, y), u2(x, y), D

2
xu1(x, y), D

2
xu2(x, y), D

2
yu1(x, y), D

2
yu2(x, y))

with the boundary value conditions

u1(x, 0) = ϕ1(x), u1(0, y) = ψ1(y), u2(x, 0) = ϕ2(x), u2(0, y) = ψ2(y)(1.4)

under some conditions on the multifunctions F1 and F2.

Let (X, d) be a metric space. Denote by P(X), 2X , Pcl(X), Pbd(X), Pcv(X),
Pcp(X), Pcp,cv(X), the class of all subsets, the set consisting of all nonempty
subsets of X, the set consisting of all closed subsets of X, the set consisting
of all bounded subsets of X, the set consisting of all convex subsets of X, the
set consisting of all compact subsets of X and the set consisting of all compact
convex subsets of X respectively. Let F : X → 2X be a multifunction. We say
that u ∈ X is a fixed point of F whenever u ∈ Fu ([14]). A multifunction F :
Ja × Jb → Pcl(R) is said to be measurable whenever (x, y) 7→ d(w,F (x, y)) =
inf{∥w − v∥ : v ∈ F (x, y)} is a measurable function for all w ∈ R ([12]). The
Pompeiu-Hausdorff metric Hd : 2X × 2X → [0,∞) is defined by Hd(A,B) =
max{supa∈A d(a,B), supb∈B d(A, b)}, where d(A, b) = infa∈A d(a, b) ([6] and
[10]). Then (CB(X),Hd) is a metric space and (CB(X),Hd) is a generalized
metric space, where CB(X)is the set of closed and bounded subsets of X
and C(X) is the set of closed subsets of X ([6] and [10]). We say that a
multifunction F : X → 2X is convex valued (compact valued) whenever Fu is
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On a system of hyperbolic partial fractional differential inclusions 3

convex (compact) set for all u ∈ X ([12]). A multifunction F : X → Pcl(X)
is called a contraction whenever there exists a constant γ ∈ (0, 1) such that
Hd(Fu, Fv) ≤ γd(u, v) for all u, v ∈ X ([11]). In 1970, Covitz and Nadler
proved that each closed-valued contractive multifunction on a complete metric
space has a fixed point ([11]). We say that F : Ja × Jb × R6 → 2R is a
Caratheodory multifunction whenever the map

(x, y) 7→ F (x, y, u1, u2, u3, u4, u5, u6)

is measurable for all u1, u2, u3, u4, u5, u6 ∈ R and (u1, u2, u3, u4, u5, u6) 7→
F (x, y, u1, u2, u3, u4, u5, u6) is upper semi-continuous for almost all (x, y) ∈
Ja × Jb and all u1, u2, u3, u4, u5, u6 ∈ R ([12]). A Caratheodory multifunction
F : Ja×Jb×R6 → 2R is called L1-Caratheodory whenever for each ρ > 0 there
exists a map ϕρ ∈ L1(Ja × Jb,R+) such that

∥F (x, y, u1, u2, u3, u4, u5, u6)∥

= sup
(x,y)∈Ja×Jb

{|s| : s ∈ F (x, y, u1, u2, u3, u4, u5, u6)} ≤ ϕρ(x, y)

for all |ui| ≤ ρ (i = 1, . . . , 6) and for almost all (x, y) ∈ Ja × Jb ([12]). The set
of selections of F is defined by

SF,u := {v ∈ L1(Ja × Jb,R) : v(x, y) ∈ F (x, y, u(x, y), D2
xu(x, y), D

2
yu(x, y)

for almost all (x, y) ∈ Ja × Jb}
for all u ∈ C(Ja × Jb,R). It has been proved that SF,u ̸= ∅ for all u ∈
C(Ja × Jb, X) whenever dimX < ∞ ([19]). The graph of a multifunction F
is defined by Gr(F ) = {(x, y) ∈ X × Y : y ∈ F (x)} ([12]). We say that the
graph of F : X → Pcl(Y ) is closed whenever for each sequence {un}n≥1 in X
and {yn}n≥1 in Y with un → u0, yn → y0 and yn ∈ F (un) for all n, we have
y0 ∈ F (u0) ([12]). We shall use next theorems in our main results.

Theorem 1.1. (Schaefer’s fixed point theorem [23]) Suppose that X is a
Banach space, T : X → X a completely continuous operator and the set
K = {u ∈ X : u = λTu for some λ ∈ [0, 1]} is bounded. Then T has a
fixed point.

Lemma 1.2. ([15]) If F : X → Pcl(Y ) is an upper semi-continuous multifunc-
tion, then Gr(F ) is a closed subset of X × Y . If F is completely continuous
and has a closed graph, then it is upper semi-continuous.

Lemma 1.3. [20] Let X be a separable Banach space, F : [0, a]× [0, b]×X ×
X × X → Pcp,cv(X) an L1-Caratheodory multifunction. Then the operator
Θ ◦ SF : C(Ja × Jb, X) → Pcp,cv(C(Ja × Jb, X)) defined by u 7→ (Θ ◦ SF )(u) =
Θ(SF,u) is a closed graph operator, where Θ is a linear continuous mapping
from L1(Ja × Jb, X) into C(Ja × Jb, X).

Theorem 1.4. [16] Let E be a Banach space, C a closed convex subset of
E, U an open subset of C and 0 ∈ U . Suppose that F : U → Pcp,cv(C) is
an upper semi-continuous compact map, where Pcp,cv(C) denotes the family of
nonempty, compact convex subsets of C. Then either F has a fixed point in U
or there exist u ∈ ∂U and λ ∈ (0, 1) such that u ∈ λF (u).
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4 S. Etemad, Sh. Rezapour

2. Main results

Let X = {u : u,D2
xu,D

2
yu ∈ C(Ja × Jb,R)}. Define the norm

∥u∥ = ∥u∥X := sup
(x,y)∈Ja×Jb

|u(x, y)|

+ sup
(x,y)∈Ja×Jb

|D2
xu(x, y)|+ sup

(x,y)∈Ja×Jb

|D2
yu(x, y)|.

It is clear that (X, ∥ · ∥ = ∥ · ∥X) and (X ×X, ∥(u, v)∥X×X) are Banach spaces,
where ∥(u, v)∥X×X := ∥u∥X + ∥v∥X .

Lemma 2.1. Let m− 1 < α1 ≤ m and n− 1 < α2 ≤ n with α = α1 +α2 /∈ N,
a > 0, b > 0 and g ∈ L1(Ja × Jb, X). Then u0 ∈ C(Ja × Jb, X) is a solution
for the fractional integral equation

u(x, y) = µ(x, y) +

∫ x

0

∫ y

0

(x− s)α1−1(y − t)α2−1

Γ(α1)Γ(α2)
g(s, t) dt ds(2.1)

if and only if u0 is a solution for the hyperbolic partial fractional problem

(cDα
θ u)(x, y) = g(x, y)(2.2)

with the boundary conditions u(x, 0) = ϕ(x) and u(0, y) = ψ(y), where µ(x, y) =
ϕ(x) + ψ(y)− ϕ(0) and (x, y) ∈ Ja × Jb.

Proof. By using some calculations, it is easy to check that

u0(x, y) = ϕ(x) + ψ(y)− ϕ(0) +

∫ x

0

∫ y

0

(x− s)α1−1(y − t)α2−1

Γ(α1)Γ(α2)
g(s, t) dt ds

is a solution for the fractional integral equation (2.2). Let u0 be a solution for
hyperbolic partial fractional differential equation (2.2). Then,

Im+n−α
θ (Dm+n

xy u0)(x, y) = g(x, y)

for all (x, y) ∈ Ja × Jb. Hence, Iαθ [I
m+n−α
θ (Dm+n

xy u0)](x, y) = Iαθ [g(x, y)] and

so Im+n
θ (Dm+n

xy u0)(x, y) = Iαθ [g(x, y)]. Since

Im+n
θ (Dm+n

xy u0)(x, y) = u0(x, y)− u0(x, 0)− u0(0, y)− u0(0, 0),

we get u0(x, y)− u0(x, 0)− u0(0, y)− u0(0, 0) = Iαθ [g(x, y)]. Now by using the
boundary value conditions, we obtain u0(x, y)−ϕ(x)−ψ(y)−ϕ(0) = Iαθ [g(x, y)]
and so

u0(x, y) = µ(x, y) + Iαθ [g(x, y)]

= µ(x, y) +

∫ x

0

∫ y

0

(x− s)α1−1(y − t)α2−1

Γ(α1)Γ(α2)
g(s, t) dt ds.

This completes the proof.
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On a system of hyperbolic partial fractional differential inclusions 5

Now for the problem (1.1) with boundary conditions (1.2), define the oper-
ators T1, T2 : X → X by

(T1v)(x, y) = µ1(x, y) +

∫ x

0

∫ y

0

(x− s)α1−1(y − t)α2−1

Γ(α1)Γ(α2)

×f1(s, t, u(s, t), v(s, t), D2
xu(s, t), D

2
xv(s, t), D

2
yu(s, t), D

2
yv(s, t)) dt ds

and

(T2u)(x, y) = µ2(x, y) +

∫ x

0

∫ y

0

(x− s)β1−1(y − t)β2−1

Γ(β1)Γ(β2)

×f2(s, t, u(s, t), v(s, t), D2
xu(s, t), D

2
xv(s, t), D

2
yu(s, t), D

2
yv(s, t)) dt ds,

where µ1(x, y) = ϕ1(x) + ψ1(y)− ϕ1(0), µ2(x, y) = ϕ2(x) + ψ2(y)− ϕ2(0) and

(x, y) ∈ Ja × Jb. Now, put N1 = aα1bα2

Γ(α1+1)Γ(α2+1) , N2 = aα1−2bα2

Γ(α1−1)Γ(α2+1) , N3 =

aα1bα2−2

Γ(α1+1)Γ(α2−1) , N4 = aβ1bβ2

Γ(β1+1)Γ(β2+1) , N5 = aβ1−2bβ2

Γ(β1−1)Γ(β2+1) , N6 = aβ1bβ2−2

Γ(β1+1)Γ(β2−1) ,

M1 = µ1(a, b) + ϕ′′1(a) + ψ′′
1 (b) and M2 = µ2(a, b) + ϕ′′2(a) + ψ′′

2 (b).

Theorem 2.2. Consider the system of nonlinear hyperbolic partial fractional
differential equations (1.1) with boundary conditions (1.2). Suppose that f1, f2 :
Ja×Jb×X6 → X be continuous mappings and there exist positive constants L1

and L2 such that |f1(x, y, u1, u2, · · · , u6)| ≤ L1 and |f2(x, y, u1, u2, · · · , u6)| ≤
L2 for all (x, y) ∈ Ja × Jb and u1, · · · , u6 ∈ X. Then the problem (1.1) with
boundary conditions (1.2) has a solution.

Proof. Consider the continuous operator T : X × X → X × X defined by
T (u, v)(x, y) := ((T1v)(x, y), (T2u)(x, y)) for all (x, y) ∈ Ja×Jb. First, we show
that T maps bounded sets to bounded subsets of X ×X. Let Ω be a bounded
subset of X ×X, (u, v) ∈ Ω and (x, y) ∈ Ja × Jb. Then, we have

|(T1v)(x, y)| =
∣∣∣µ1(x, y) +

1

Γ(α1)Γ(α2)

∫ x

0

∫ y

0

(x− s)α1−1(y − t)α2−1

f1(s, t, u(s, t), v(s, t), D
2
xu(s, t), D

2
xv(s, t), D

2
yu(s, t), D

2
yv(s, t)) dt ds

∣∣∣
≤ |µ1(x, y)|+

∣∣∣ 1

Γ(α1)Γ(α2)

∫ x

0

∫ y

0

(x− s)α1−1(y − t)α2−1

f1(s, t, u(s, t), v(s, t), D
2
xu(s, t), D

2
xv(s, t), D

2
yu(s, t), D

2
yv(s, t)) dt ds

∣∣∣
≤ |µ1(x, y)|+

1

Γ(α1)Γ(α2)

∫ x

0

∫ y

0

(x− s)α1−1(y − t)α2−1

|f1(s, t, u(s, t), v(s, t), D2
xu(s, t), D

2
xv(s, t), D

2
yu(s, t), D

2
yv(s, t))| dt ds

≤ |µ1(x, y)|+ L1

{ xα1yα2

Γ(α1 + 1)Γ(α2 + 1)

}
≤ µ1(a, b) + L1

{ aα1bα2

Γ(α1 + 1)Γ(α2 + 1)

}
= µ1(a, b) + L1N1,
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6 S. Etemad, Sh. Rezapour

|D2
x(T1v)(x, y)| =

∣∣∣D2
xµ1(x, y) +

1

Γ(α1 − 2)Γ(α2)

∫ x

0

∫ y

0

(x− s)α1−3(y − t)α2−1

f1(s, t, u(s, t), v(s, t), D
2
xu(s, t), D

2
xv(s, t), D

2
yu(s, t), D

2
yv(s, t)) dt ds

∣∣∣
≤ |D2

xµ1(x, y)|+
∣∣∣ 1

Γ(α1 − 2)Γ(α2)

∫ x

0

∫ y

0

(x− s)α1−3(y − t)α2−1

f1(s, t, u(s, t), v(s, t), D
2
xu(s, t), D

2
xv(s, t), D

2
yu(s, t), D

2
yv(s, t)) dt ds

∣∣∣
≤ |ϕ′′1(x)|+

1

Γ(α1 − 2)Γ(α2)

∫ x

0

∫ y

0

(x− s)α1−3(y − t)α2−1

|f1(s, t, u(s, t), v(s, t), D2
xu(s, t), D

2
xv(s, t), D

2
yu(s, t), D

2
yv(s, t))| dt ds

≤ |ϕ′′1(x)|+ L1

{ xα1−2yα2

Γ(α1 − 1)Γ(α2 + 1)

}
≤ ϕ′′1(a) + L1

{ aα1−2bα2

Γ(α1 − 1)Γ(α2 + 1)

}
= ϕ′′1(a) + L1N2

and

|D2
y(T1v)(x, y)| =

∣∣∣D2
yµ1(x, y) +

1

Γ(α1)Γ(α2 − 2)

∫ x

0

∫ y

0

(x− s)α1−1(y − t)α2−3

f1(s, t, u(s, t), v(s, t), D
2
xu(s, t), D

2
xv(s, t), D

2
yu(s, t), D

2
yv(s, t)) dt ds

∣∣∣
≤ |D2

yµ1(x, y)|+
∣∣∣ 1

Γ(α1)Γ(α2 − 2)

∫ x

0

∫ y

0

(x− s)α1−1(y − t)α2−3

f1(s, t, u(s, t), v(s, t), D
2
xu(s, t), D

2
xv(s, t), D

2
yu(s, t), D

2
yv(s, t)) dt ds

∣∣∣
≤ |ψ′′

1 (y)|+
1

Γ(α1)Γ(α2 − 2)

∫ x

0

∫ y

0

(x− s)α1−1(y − t)α2−3

|f1(s, t, u(s, t), v(s, t), D2
xu(s, t), D

2
xv(s, t), D

2
yu(s, t), D

2
yv(s, t))| dt ds

≤ |ψ′′
1 (y)|+ L1

{ xα1yα2−2

Γ(α1 + 1)Γ(α2 − 1)

}
≤ ψ′′

1 (b) + L1

{ aα1bα2−2

Γ(α1 + 1)Γ(α2 − 1)

}
= ψ′′

1 (b) + L1N3.

Hence, ∥(T1v)(x, y)∥X ≤ L1(N1 +L2 +L3) +M1. On the other hand, we have

|(T2u)(x, y)| ≤ µ2(a, b) + L2N4, |D2
x(T2u)(x, y)|

≤ ϕ′′2(a) + L2N5, |D2
y(T2u)(x, y)| ≤ ψ′′

2 + L2N6

and so ∥(T2u)(x, y)∥X ≤ L2(N4 + L5 + L6) +M2. This implies that

∥T (u, v)(x, y)∥X×X ≤ L1(N1 + L2 + L3) + L2(N4 + L5 + L6) +M1 +M2.
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On a system of hyperbolic partial fractional differential inclusions 7

This shows that T maps bounded sets to bounded subsets of X ×X. Now, we
prove that T is equicontinuous. Let (x1, y1), (x2, y2) ∈ Ja × Jb with x1 < x2
and y1 < y2. Then, we get

|(T1v)(x2, y2)− (T1v)(x1, y1)|

=
∣∣∣µ1(x2, y2) +

1

Γ(α1)Γ(α2)

∫ x2

0

∫ y2

0

(x2 − s)α1−1(y2 − t)α2−1

f1(s, t, u(s, t), v(s, t), D
2
xu(s, t), D

2
xv(s, t), D

2
yu(s, t), D

2
yv(s, t)) dt ds

−µ1(x1, y1)−
1

Γ(α1)Γ(α2)

∫ x1

0

∫ y1

0

(x1 − s)α1−1(y1 − t)α2−1

f1(s, t, u(s, t), v(s, t), D
2
xu(s, t), D

2
xv(s, t), D

2
yu(s, t), D

2
yv(s, t)) dt ds

∣∣∣
≤ |µ1(x2, y2)− µ1(x1, y1)|+

1

Γ(α1)Γ(α2)

∫ x2

x1

∫ y2

y1

(x2 − s)α1−1(y2 − t)α2−1

|f1(s, t, u(s, t), v(s, t), D2
xu(s, t), D

2
xv(s, t), D

2
yu(s, t), D

2
yv(s, t))| dt ds

+
1

Γ(α1)Γ(α2)

∫ x1

0

∫ y1

0

[(x1 − s)α1−1(y1 − t)α2−1 − (x2 − s)α1−1(y2 − t)α2−1]

|f1(s, t, u(s, t), v(s, t), D2
xu(s, t), D

2
xv(s, t), D

2
yu(s, t), D

2
yv(s, t))| dt ds

+
1

Γ(α1)Γ(α2)

∫ x1

0

∫ y2

y1

(x2 − s)α1−1(y2 − t)α2−1

|f1(s, t, u(s, t), v(s, t), D2
xu(s, t), D

2
xv(s, t), D

2
yu(s, t), D

2
yv(s, t))| dt ds

+
1

Γ(α1)Γ(α2)

∫ x2

x1

∫ y1

0

(x2 − s)α1−1(y2 − t)α2−1

|f1(s, t, u(s, t), v(s, t), D2
xu(s, t), D

2
xv(s, t), D

2
yu(s, t), D

2
yv(s, t))| dt ds

≤ ∥µ1(x2, y2)− µ1(x1, y1)∥+
L1

Γ(α1 + 1)Γ(α2 + 1){
2yα2

2 (x2−x1)α1+2xα1
2 (y2−y1)α2+xα1

2 yα2
2 −xα1

1 yα2
1 −2(x2−x1)α1(y2−y1)α2

}
and so |(T1v)(x2, y2)− (T1v)(x1, y1)| → 0 as (x2, y2) → (x1, y1). Also, we have

|D2
x(T1v)(x2, y2)−D2

x(T1v)(x1, y1)|

=
∣∣∣D2

xµ1(x2, y2) +
1

Γ(α1 − 2)Γ(α2)

∫ x2

0

∫ y2

0

(x2 − s)α1−3(y2 − t)α2−1

f1(s, t, u(s, t), v(s, t), D
2
xu(s, t), D

2
xv(s, t), D

2
yu(s, t), D

2
yv(s, t)) dt ds

−D2
xµ1(x1, y1)−

1

Γ(α1 − 2)Γ(α2)

∫ x1

0

∫ y1

0

(x1 − s)α1−3(y1 − t)α2−1
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8 S. Etemad, Sh. Rezapour

f1(s, t, u(s, t), v(s, t), D
2
xu(s, t), D

2
xv(s, t), D

2
yu(s, t), D

2
yv(s, t)) dt ds

∣∣∣
≤ |ϕ′′1(x2)− ϕ′′1(x1)|+

1

Γ(α1 − 2)Γ(α2)

∫ x2

x1

∫ y2

y1

(x2 − s)α1−3(y2 − t)α2−1

|f1(s, t, u(s, t), v(s, t), D2
xu(s, t), D

2
xv(s, t), D

2
yu(s, t), D

2
yv(s, t))| dt ds

+
1

Γ(α1 − 2)Γ(α2)

∫ x1

0

∫ y1

0

[(x1−s)α1−3(y1− t)α2−1− (x2−s)α1−3(y2− t)α2−1]

|f1(s, t, u(s, t), v(s, t), D2
xu(s, t), D

2
xv(s, t), D

2
yu(s, t), D

2
yv(s, t))| dt ds

+
1

Γ(α1 − 2)Γ(α2)

∫ x1

0

∫ y2

y1

(x2 − s)α1−3(y2 − t)α2−1

|f1(s, t, u(s, t), v(s, t), D2
xu(s, t), D

2
xv(s, t), D

2
yu(s, t), D

2
yv(s, t))| dt ds

+
1

Γ(α1 − 2)Γ(α2)

∫ x2

x1

∫ y1

0

(x2 − s)α1−3(y2 − t)α2−1

|f1(s, t, u(s, t), v(s, t), D2
xu(s, t), D

2
xv(s, t), D

2
yu(s, t), D

2
yv(s, t))| dt ds

≤ ∥ϕ′′1(x2)− ϕ′′1(x1)∥+
L1

Γ(α1 − 1)Γ(α2 + 1){
2yα2

2 (x2 − x1)
α1−2 + 2xα1−2

2 (y2 − y1)
α2 + xα1−2

2 yα2
2 − xα1−2

1 yα2
1

−2(x2 − x1)
α1−2(y2 − y1)

α2

}
and so |D2

x(T1v)(x2, y2)−D2
x(T1v)(x1, y1)| → 0 as (x2, y2) → (x1, y1). Finally,

|D2
y(T1v)(x2, y2)−D2

y(T1v)(x1, y1)|

=
∣∣∣D2

yµ1(x2, y2) +
1

Γ(α1)Γ(α2 − 2)

∫ x2

0

∫ y2

0

(x2 − s)α1−1(y2 − t)α2−3

f1(s, t, u(s, t), v(s, t), D
2
xu(s, t), D

2
xv(s, t), D

2
yu(s, t), D

2
yv(s, t)) dt ds

−D2
yµ1(x1, y1)−

1

Γ(α1)Γ(α2 − 2)

∫ x1

0

∫ y1

0

(x1 − s)α1−1(y1 − t)α2−3

f1(s, t, u(s, t), v(s, t), D
2
xu(s, t), D

2
xv(s, t), D

2
yu(s, t), D

2
yv(s, t)) dt ds

∣∣∣
≤ |ψ′′

1 (y2)− ψ′′
1 (y1)|+

1

Γ(α1)Γ(α2 − 2)

∫ x2

x1

∫ y2

y1

(x2 − s)α1−1(y2 − t)α2−3

|f1(s, t, u(s, t), v(s, t), D2
xu(s, t), D

2
xv(s, t), D

2
yu(s, t), D

2
yv(s, t))| dt ds

+
1

Γ(α1)Γ(α2 − 2)

∫ x1

0

∫ y1

0

[(x1−s)α1−1(y1− t)α2−3− (x2−s)α1−1(y2− t)α2−3]

|f1(s, t, u(s, t), v(s, t), D2
xu(s, t), D

2
xv(s, t), D

2
yu(s, t), D

2
yv(s, t))| dt ds
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On a system of hyperbolic partial fractional differential inclusions 9

+
1

Γ(α1)Γ(α2 − 2)

∫ x1

0

∫ y2

y1

(x2 − s)α1−1(y2 − t)α2−3

|f1(s, t, u(s, t), v(s, t), D2
xu(s, t), D

2
xv(s, t), D

2
yu(s, t), D

2
yv(s, t))| dt ds

+
1

Γ(α1)Γ(α2 − 2)

∫ x2

x1

∫ y1

0

(x2 − s)α1−1(y2 − t)α2−3

|f1(s, t, u(s, t), v(s, t), D2
xu(s, t), D

2
xv(s, t), D

2
yu(s, t), D

2
yv(s, t))| dt ds

≤ ∥ψ′′
1 (y2)− ψ′′

1 (y1)∥+
L1

Γ(α1 + 1)Γ(α2 − 1){
2yα2−2

2 (x2 − x1)
α1 + 2xα1

2 (y2 − y1)
α2−2 + xα1

2 yα2−2
2 − xα1

1 yα2−2
1

−2(x2 − x1)
α1(y2 − y1)

α2−2
}

and so |D2
y(T1v)(x2, y2)−D2

y(T1v)(x1, y1)| → 0 as (x2, y2) → (x1, y1). Thus,

∥(T1v)(x2, y2)− (T1v)(x1, y1)∥

≤ ∥µ1(x2, y2)− µ1(x1, y1)∥+ ∥ϕ′′1(x2)− ϕ′′1(x1)∥+ ∥ψ′′
1 (y2)− ψ′′

1 (y1)∥

+
L1

Γ(α1 + 1)Γ(α2 + 1)

{
2yα2

2 (x2 − x1)
α1 + 2xα1

2 (y2 − y1)
α2 + xα1

2 yα2
2 − xα1

1 yα2
1

−2(x2 − x1)
α1(y2 − y1)

α2

}
+

L1

Γ(α1 − 1)Γ(α2 + 1)

{
2yα2

2 (x2 − x1)
α1−2 + 2xα1−2

2 (y2 − y1)
α2 + xα1−2

2 yα2
2

−xα1−2
1 yα2

1 − 2(x2 − x1)
α1−2(y2 − y1)

α2

}
+

L1

Γ(α1 + 1)Γ(α2 − 1)

{
2yα2−2

2 (x2 − x1)
α1 + 2xα1

2 (y2 − y1)
α2−2 + xα1

2 yα2−2
2

−xα1
1 yα2−2

1 − 2(x2 − x1)
α1(y2 − y1)

α2−2
}
.

By using the Arzela-Ascoli theorem, the operator T1 is completely continuous.
Similarly, we obtain

∥(T2u)(x2, y2)− (T2u)(x1, y1)∥

≤ ∥µ2(x2, y2)− µ2(x1, y1)∥+ ∥ϕ′′2(x2)− ϕ′′2(x1)∥+ ∥ψ′′
2 (y2)− ψ′′

2 (y1)∥

+
L2

Γ(β1 + 1)Γ(β2 + 1)

{
2yβ2

2 (x2 − x1)
β1 + 2xβ1

2 (y2 − y1)
β2 + xβ1

2 y
β2

2 − xβ1

1 y
β2

1

−2(x2 − x1)
β1(y2 − y1)

β2

}
+

L2

Γ(β1 − 1)Γ(β2 + 1)

{
2yβ2

2 (x2 − x1)
β1−2 + 2xβ1−2

2 (y2 − y1)
β2 + xβ1−2

2 yβ2

2
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10 S. Etemad, Sh. Rezapour

−xβ1−2
1 yβ2

1 − 2(x2 − x1)
β1−2(y2 − y1)

β2

}
+

L2

Γ(β1 + 1)Γ(β2 − 1)

{
2yβ2−2

2 (x2 − x1)
β1 + 2xβ1

2 (y2 − y1)
β2−2 + xβ1

2 y
β2−2
2

−xβ1

1 y
β2−2
1 − 2(x2 − x1)

β1(y2 − y1)
β2−2

}
and so by the Arzela-Ascoli theorem, we get the operator T2 is completely
continuous. Hence, ∥T (u, v)(x2, y2)−T (u, v)(x2, y2)∥X×X → 0 as (x2, y2) tends
to (x1, y1). This shows that the operator T is completely continuous. Now,
we show that Ω = {(u, v) ∈ X ×X : (u, v) = λT (u, v) for some λ ∈ [0, 1]} is
a bounded set. Let (u, v) ∈ Ω. Choose λ ∈ [0, 1] such that (u, v) = λT (u, v).
Then, v(x, y) = λ(T1v)(x, y) and u(x, y) = λ(T2u)(x, y) for all (x, y) ∈ Ja × Jb.
Since 1

λ |v(x, y)| = |(T1v)(x, y)| ≤ µ1(a, b) + L1N1,

1

λ
|D2

xv(x, y)| = |D2
x(T1v)(x, y)| ≤ ϕ′′1(a) + L1N2

and 1
λ |D

2
yv(x, y)| = |D2

y(T1v)(x, y)| ≤ ψ′′
1 (b) + L1N3, we get

|v(x, y)| ≤ λµ1(a, b) + λL1N1,

|D2
xv(x, y)| ≤ λϕ′′1(a)+λL1N2 and |D2

yv(x, y)| ≤ λψ′′
1 (b)+λL1N3. This implies

that ∥v(x, y)∥X ≤ λ[M1 + L1(N1 +N2 +N3)]. Similarly, we obtain

∥u(x, y)∥X ≤ λ[M2 + L2(N4 +N5 +N6)].

Thus, ∥(u, v)∥X×X ≤ λ[M1+L1(N1+N2+N3)]+λ[M2+L2(N4+N5+N6)] and
so Ω is a bounded set. Now by using the Schaefer’s fixed point theorem, the
operator T has a fixed point which is a solution for the system of hyperbolic
partial fractional differential equations (1.1) with boundary conditions (1.2).

Note that, one can extend the problem (1.1) with boundary conditions (1.2)
to a n-dimensional system of nonlinear hyperbolic partial fractional differential
equations as following. Suppose that αi = αi1 + αi2 /∈ N with 2 < αi1, αi2 ≤ 3
for i = 1, 2, . . . , n, (x, y) ∈ Ja × Jb := [0, a] × [0, b] with a, b > 0 and the
functions fi : Ja × Jb × R3n → R are continuous for i = 1, 2, . . . , n. Consider
the n−dimensional system of nonlinear hyperbolic partial fractional differential
equations

(cDα1

θ u1)(x, y) = f1(x, y, u1(x, y), · · · , un(x, y), D2
xu1(x, y), · · · , D2

xun(x, y),
D2

yu1(x, y), · · · , D2
yun(x, y))

(cDα2

θ u2)(x, y) = f2(x, y, u1(x, y), · · · , un(x, y), D2
xu1(x, y), · · · , D2

xun(x, y),
D2

yu1(x, y), · · · , D2
yun(x, y))

.

.

.
(cDαn

θ un)(x, y) = fn(x, y, u1(x, y), · · · , un(x, y), D2
xu1(x, y), · · · , D2

xun(x, y),
D2

yu1(x, y), · · · , D2
yun(x, y))

(2.3)
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On a system of hyperbolic partial fractional differential inclusions 11

with the boundary value conditions

ui(x, 0) = ϕi(x), ui(0, y) = ψi(y), (i = 1, 2, . . . , n)(2.4)

where ϕi : Ja → R and ψi : Jb → R are absolutely continuous functions with
ϕi(0) = ψi(0). For record, we state the related result.

Theorem 2.3. Suppose that the functions f1, . . . , f3n : Ja × Jb × X3n → X
are continuous mappings and there exist positive constants L1, L2, . . . , Ln such
that |fi(x, y, u1, u2, · · · , u3n)| ≤ Li for i = 1, . . . , 3n. Then, the n-dimensional
system of nonlinear hyperbolic partial fractional differential equations (2.3) with
boundary conditions (2.4) has a solution.

Now, we investigate the coupled system of inclusions (1.3) with boundary
conditions (1.4).

Definition 2.4. We say that (u1, u2) ∈ C(Ja × Jb, X) × C(Ja × Jb, X) is a
solution for the system of hyperbolic partial fractional differential inclusions
(1.3) with boundary conditions (1.4) whenever it satisfies (1.4) and there exists
a function (w1, w2) ∈ L1(Ja × Jb)× L1(Ja × Jb) such that

w1(x, y) ∈

F1(x, y, u1(x, y), u2(x, y), D
2
xu1(x, y), D

2
xu2(x, y), D

2
yu1(x, y), D

2
yu2(x, y))

and
w2(x, y) ∈

F2(x, y, u1(x, y), u2(x, y), D
2
xu1(x, y), D

2
xu2(x, y), D

2
yu1(x, y), D

2
yu2(x, y))

for almost all (x, y) ∈ Ja × Jb and

ui(x, y) =
1

Γ(αi1)Γ(αi2)

∫ x

0

∫ y

0

(x− s)αi1−1(y− t)αi2−1w1(s, t) dt ds+ µi(x, y)

for all (x, y) ∈ Ja × Jb and i = 1, 2, where µi(x, y) = ϕi(x) + ψi(y)− ϕi(0).

Theorem 2.5. Suppose that multifunctions F1, F2 : Ja × Jb ×R6 → Pcp,cv(R)
are L1-Caratheodory multifunctions and there exist a bounded continuous non-
decreasing map ψ : [0,∞) → (0,∞) and a continuous function p : Ja × Jb →
(0,∞) such that ∥Fi(x, y, ui(x, y), D

2
xui(x, y), D

2
yui(x, y))∥ ≤ p(x, y)ψ(∥ui∥) for

all (x, y) ∈ Ja × Jb and ui ∈ X (i = 1, 2) . Then, the coupled system of non-
linear hyperbolic partial fractional differential inclusions (1.3) with boundary
conditions (1.4) has at least one solution.

Proof. Define the operatorN : X×X → 2X×X byN(u1, u2) =

(
N1(u1, u2)
N2(u1, u2)

)
,

where N1(u1, u2) = {h1 ∈ X ×X : there exists v1 ∈ SF1,u1 such that h1(x, y) =

v1(x, y) for all (x, y) ∈ Ja × Jb}, N2(u1, u2) = {h2 ∈ X × X : there exists v2 ∈
SF2,u2 such that h2(x, y) = v2(x, y) for all (x, y) ∈ Ja × Jb},

h1(x, y) =
1

Γ(α11)Γ(α22)

∫ x

0

∫ y

0

(x−s)α11−1(y−t)α22−1v1(s, t) dt ds+µ1(x, y),
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12 S. Etemad, Sh. Rezapour

and h2(x, y) =
1

Γ(β11)Γ(β22)

∫ x

0

∫ y

0

(x − s)β11−1(y − t)β22−1v2(s, t) dt ds +

µ2(x, y). By using Lemma 2.1, it is easy to check that each fixed point of
the operator N is a solution for the system of hyperbolic partial fractional
differential inclusions (1.3). First, we show that the multifunctionN has convex
values. Let (u1, u2) ∈ X×X and (h1, h2), (h

′
1, h

′
2) ∈ N(u1, u2). Choose vi, v

′
i ∈

SFi,(u1,u2) such that

hi(x, y) =
1

Γ(αi1)Γ(αi2)

∫ x

0

∫ y

0

(x− s)αi1−1(y − t)αi2−1vi(s, t) dt ds+ µi(x, y)

and h′i(x, y) =
1

Γ(αi1)Γ(αi2)

∫ x

0

∫ y

0

(x − s)αi1−1(y − t)αi2−1v′i(s, t) dt ds +

µ′
i(x, y) for almost all (x, y) ∈ Ja × Jb and i = 1, 2. If 0 ≤ λ ≤ 1, then

we have

[λhi + (1− λ)h′i](x, y) =
1

Γ(αi1)Γ(αi2)

×
∫ x

0

∫ y

0

(x−s)αi1−1(y−t)αi2−1[λvi(s, t)+(1−λ)v′i(s, t)] dt ds+µi(x, y)+µ
′
i(x, y).

Since Fi has convex values, SFi,ui is convex and so [λhi+(1−λ)h′i] ∈ N(u1, u2).
Thus, the operator N has convex values. Now, we prove that N maps bounded
sets of X into bounded subsets. Let r > 0 and Br = {(u1, u2) ∈ X × X :
∥(u1, u2)∥ ≤ r} be a bounded subset of X × X. Suppose that (h1, h2) ∈
N(u1, u2) and (u1, u2) ∈ Br. Choose (v1, v2) ∈ SF1,u1 × SF2,u2 such that

hi(x, y) =
1

Γ(αi1)Γ(αi2)

∫ x

0

∫ y

0

(x− s)αi1−1(y − t)αi2−1vi(s, t) dt ds+ µi(x, y)

for almost all (x, y) ∈ Ja × Jb and i = 1, 2. If ∥p∥∞ = sup(x,y)∈Ja×Jb
|p(x, y)|,

then

|hi(x, y)| =
∣∣∣ 1

Γ(αi1)Γ(αi2)

∫ x

0

∫ y

0

(x−s)αi1−1(y−t)αi2−1vi(s, t) dt ds+µi(x, y)
∣∣∣

≤
∣∣∣ 1

Γ(αi1)Γ(αi2)

∫ x

0

∫ y

0

(x− s)αi1−1(y − t)αi2−1vi(s, t) dt ds
∣∣∣+ ∣∣∣µi(x, y)

∣∣∣
≤ 1

Γ(αi1)Γ(αi2)

∫ x

0

∫ y

0

(x− s)αi1−1(y − t)αi2−1|vi(s, t)| dt ds+ |µi(x, y)|

≤ xαi1yαi2

Γ(αi1 + 1)Γ(αi2 + 1)
p(x, y)ψ(∥ui∥) + |µi(x, y)|

≤ aαi1bαi2

Γ(αi1 + 1)Γ(αi2 + 1)
∥p∥∞ψ(∥ui∥) + µi(a, b)

= Λi1∥p∥∞ψ(∥ui∥) + µi(a, b),

|D2
xhi(x, y)|
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On a system of hyperbolic partial fractional differential inclusions 13

=
∣∣∣ 1

Γ(αi1 − 2)Γ(αi2)

∫ x

0

∫ y

0

(x− s)αi1−3(y − t)αi2−1vi(s, t) dt ds+D2
xµi(x, y)

∣∣∣
≤ aαi1−2bαi2

Γ(αi1 − 1)Γ(αi2 + 1)
∥p∥∞ψ(∥ui∥) + ϕ′′i (a)

= Λi2∥p∥∞ψ(∥ui∥) + ϕ′′i (a)

and
|D2

yhi(x, y)|

=
∣∣∣ 1

Γ(αi1)Γ(αi2 − 2)

∫ x

0

∫ y

0

(x− s)αi1−1(y − t)αi2−3vi(s, t) dt ds+D2
yµi(x, y)

∣∣∣
≤ aαi1bαi2−2

Γ(αi1 + 1)Γ(αi2 − 1)
∥p∥∞ψ(∥ui∥) + ψ′′

i (b)

= Λi3∥p∥∞ψ(∥ui∥) + ψ′′
i (b),

where the constants Λi1, Λi2 and Λi3 are defined by Λi1 = aαi1bαi2

Γ(αi1+1)Γ(αi2+1) ,

Λi2 = aαi1−2bαi2

Γ(αi1−1)Γ(αi2+1) and Λi3 = aαi1bαi2−2

Γ(αi1+1)Γ(αi2−1) . Thus,

∥hi∥ ≤ (Λi1 + Λi2 + Λi3)∥p∥∞ψ(∥ui∥) +Mi

for i = 1, 2, where Mi = µi(a, b) + ϕ′′i (a) + ψ′′
i (b). This implies that

∥(h1, h2)∥ ≤ ∥p∥∞ψ(∥(u1, u2)∥
2∑

i=1

(Λi1 + Λi2 + Λi3) +
2∑

i=1

Mi.

Now, we show that N is completely continuous. Suppose that (u1, u2) ∈ Br

and (x1, y1), (x2, y2) ∈ Ja × Jb with x1 < x2 and y1 < y2. Then, we obtain

|hi(x2, y2)− hi(x1, y1)|

≤ 1

Γ(αi1)Γ(αi2)

∫ x2

x1

∫ y2

y1

(x2 − s)αi1−1(y2 − t)αi2−1|vi(s, t)| dt ds

+
1

Γ(αi1)Γ(αi2)

×
∫ x1

0

∫ y1

0

[(x1−s)αi1−1(y1− t)αi2−1− (x2−s)αi1−1(y2− t)αi2−1]|vi(s, t)| dt ds

+
1

Γ(αi1)Γ(αi2)

∫ x1

0

∫ y2

y1

(x2 − s)αi1−1(y2 − t)αi2−1|vi(s, t)| dt ds

+
1

Γ(αi1)Γ(αi2)

×
∫ x2

x1

∫ y1

0

(x2 − s)αi1−1(y2 − t)αi2−1|vi(s, t)| dt ds+ |µi(x2, y2)− µi(x1, y1)|
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≤ ∥p∥∞ψ(∥(u1, u2)∥)
Γ(αi1 + 1)Γ(αi2 + 1)

×

{
2yαi2

2 (x2 − x1)
αi1 + 2xαi1

2 (y2 − y1)
αi2 − xαi1

2 yαi2
2 + xαi1

1 yαi2
1

−2(x2 − x1)
αi1(y2 − y1)

αi2

}
+ ∥µi(x2, y2)− µi(x1 − y1)∥

and so |hi(x2, y2)− hi(x1, y1)| → 0 as (x2, y2) → (x1, y1). Since ϕ
′′
1 and ϕ′′2 are

absolutely continuous, we get

|D2
xhi(x2, y2)−D2

xhi(x1, y1)|

≤ ∥p∥∞ψ(∥(u1, u2)∥)
Γ(αi1 − 2)Γ(αi2 + 1)

{
2yαi2

2 (x2 − x1)
αi1−2 + 2xαi1−2

2 (y2 − y1)
αi2

−xαi1−2
2 yαi2

2 + xαi1−2
1 yαi2

1 − 2(x2 − x1)
αi1−2(y2 − y1)

αi2

}
+ ∥ϕ′′i (x2)− ϕ′′i (x1)∥

and so |D2
xhi(x2, y2) −D2

xhi(x1, y1)| → 0 as (x2, y2) → (x1, y1). Similarly, we
obtain

|D2
yhi(x2, y2)−D2

yhi(x1, y1)|

≤ ∥p∥∞ψ(∥(u1, u2)∥)
Γ(αi1 + 1)Γ(αi2 − 1)

{
2yαi2−2

2 (x2 − x1)
αi1 + 2xαi1

2 (y2 − y1)
αi2−2

−xαi1
2 yαi2−2

2 + xαi1
1 yαi2−2

1 − 2(x2 − x1)
αi1(y2 − y1)

αi2−2

}
+ ∥ψ′′

i (y2)− ψ′′
i (y1)∥

and so |D2
yhi(x2, y2) − D2

yhi(x1, y1)| → 0 as (x2, y2) → (x1, y1). Now by
using the Arzela-Ascoli theorem, the operator N is completely continuous.
Now, we show that N is upper semi-continuous. By using Lemma 1.2, it
is sufficient to show that N has a closed graph. Let (un1 , u

n
2 ) ∈ X × X,

(un1 , u
n
2 ) → (u01, u

0
2), (h

n
1 , h

n
2 ) ∈ N(un1 , u

n
2 ) and (hn1 , h

n
2 ) → (h01, h

0
2). We have

to show that (h01, h
0
2) ∈ N(u01, u

0
2). Since (hn1 , h

n
2 ) is an element of N(un1 , u

n
2 ),

there is (vn1 , v
n
2 ) ∈ SF1,un

1
× SF2,un

2
such that

hni (x, y) =
1

Γ(αi1)Γ(αi2)

∫ x

0

∫ y

0

(x− s)αi1−1(y− t)αi2−1vni (s, t) dt ds+µi(x, y)

for all (x, y) ∈ Ja × Jb and i = 1, 2. We show that (v01 , v
0
2) ∈ SF1,u0

1
× SF2,u0

2

and

h0i (x, y) =
1

Γ(αi1)Γ(αi2)

∫ x

0

∫ y

0

(x− s)αi1−1(y − t)αi2−1v0i (s, t) dt ds+ µi(x, y)

for all (x, y) ∈ Ja × Jb and i = 1, 2. Consider the linear operators

Θi : L
1(Ja × Jb, X) → C(Ja × Jb, X)
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defined by

Θi(v)(x, y) =
1

Γ(αi1)Γ(αi2)

∫ x

0

∫ y

0

(x−s)αi1−1(y−t)αi2−1v(s, t) dt ds+µi(x, y)

for i = 1, 2. Since
∥hni (x, y)− h0i (x, y)∥

=
∥∥∥ 1

Γ(αi1)Γ(αi2)

∫ x

0

∫ y

0

(x− s)αi1−1(y− t)αi2−1[vni (s, t)− v0i (s, t)] dt ds
∥∥∥ → 0,

by using Lemma 1.3 we get Θi◦SFi
is a closed graph operator and so hni (x, y) ∈

Θi(SFi,un
i
). Since uni → u0i ,

h0i (x, y) =
1

Γ(αi1)Γ(αi2)

∫ x

0

∫ y

0

(x− s)αi1−1(y − t)αi2−1v0i (s, t) dt ds+ µi(x, y)

for some v0i ∈ SFi,u0
i
. This implies that N has a closed graph. Finally, sup-

pose that λ ∈ (0, 1) and (u1, u2) ∈ λN(u1, u2). Choose vi ∈ SFi,ui such that

ui(x, y) =
1

Γ(αi1)Γ(αi2)

∫ x

0

∫ y

0

(x − s)αi1−1(y − t)αi2−1vi(s, t) dt ds + µi(x, y)

for all (x, y) ∈ Ja × Jb and i = 1, 2. As we have proved in the second
step, we get ∥ui∥ ≤ (Λi1 + Λi2 + Λi3)∥p∥∞ψ(∥ui∥) +Mi for i = 1, 2 and so

∥ui∥
(Λi1 + Λi2 + Λi3)∥p∥∞ψ(∥ui∥) +Mi

≤ 1 for i = 1, 2. Choose constants Li > 0

such that
Li

(Λi1 + Λi2 + Λi3)∥p∥∞ψ(Li) +Mi
> 1

and ∥ui∥ ≠ Li for i = 1, 2. Put U = {(u1, u2) ∈ X × X : ∥(u1, u2)∥ <
min{L1, L2}}. Note that, the operatorN : U → P(X) is upper semi-continuous,
completely continuous and there is no (u1, u2) ∈ ∂U such that (u1, u2) ∈
λN(u1, u2) for some λ ∈ (0, 1). By using Theorem 1.4, N has a fixed point
(u1, u2) ∈ U which is a solution for the coupled system of hyperbolic partial
fractional differential inclusions (1.3) with boundary conditions (1.4).

One can extend the coupled system of hyperbolic partial fractional differ-
ential inclusions (1.3) with boundary conditions (1.4) to n−dimensional case.
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