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1. Introduction

In 1989, K. Matsumoto [17] introduced the notion of Lorentzian para-
Sasakian manifolds. I. Mihai and R. Rosca [19] introduced the same notion
indepedently and obtained several results. Lorentzian para-Sasakian manifolds
have also been studied by K. Matsumoto and I. Mihai [18]; U. C. De, K. Mat-
sumoto and A. A. shaikh [3] and many others such as ([20],[23]-[25]).

A linear connection ∇̄ in a Riemannian manifold M is said to be a quarter-
symmetric connection [8] if the torsion tensor T of the connection ∇̄

T (X,Y ) = ∇̄XY − ∇̄YX − [X,Y ]

satisfies

T (X,Y ) = η(Y )ϕX − η(X)ϕY,

where η is a 1-form and ϕ is a (1, 1) tensor field. If moreover, a quarter-
symmetric connection ∇̄ satisfies the condition

(∇̄Xg)(Y, Z) = 0

for all X,Y, Z ∈ χ(M), where χ(M) is the Lie algebra of vector fields of the
manifold M , then ∇̄ is said to be a quarter-symmetric metric connection, oth-
erwise it is said to be a quarter-symmetric non-metric connection. If we put
ϕX = X and ϕY = Y , then the quarter-symmetric metric connection reduces
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to the semi-symmetric metric connection [7]. Thus the notion of the quarter-
symmetric connection generalizes the notion of the semi-symmetric connection.
A quarter-symmetric metric connection have been studied by various authors
([1], [5], [9]-[11], [14]-[16]).

A relation between the quarter-symmetric metric connection ∇̄ and the
Levi-Civita connection ∇ in an n-dimensional Lorentzian para-Sasakian man-
ifold M is given by [21]

(1.1) ∇̄XY = ∇XY − η(X)ϕY.

T. Takahashi [26] introduced the notion of locally ϕ-symmetry on a Sasakian
manifold and obtained few interesting properties. U. C. De, A.A. Shaikh and S.
Biswas [6] generalized the notion of ϕ-symmetric manifolds to ϕ-recurrent man-
ifolds in the context of Sasakian manifold. Venkatesha and C.S.Bagewadi [27]
studied concircular ϕ-recurrent LP -Sasakian manifolds which generalizes the
notion of locally concircular ϕ-symmetric LP -Sasakian manifolds and obtain
some interesting results. Recently, U. C. De and Pradip Manjhi have studied
ϕ-Weyl semisymmetric and ϕ-projectively semisymmetric generalized Sasakian
space forms and give some illustrative examples [4].

Motivated by the above studies, in this paper we study certain curvature
conditions satisfying by the conharmonic curvature tensor in a Lorentzian para-
Sasakian manifold with respect to the quarter-symmetric metric connection.

The paper is organized as follows: In Section 2, we give a brief introduc-
tion of a Lorentzian para-Sasakian manifold. In Section 3, we deduce the
relation between the curvature tensor of Lorentzian para-Sasakian manifolds
with respect to the quarter-symmetric metric connection and the Levi-Civita
connection. Sections 4 and 5 are devoted to study conharmonically flat and
ϕ-conharmonically flat Lorentzian para-Sasakian manifolds with respect to
the quarter-symmetric metric connection, respectively. Section 6 deals with
the study of ϕ-conharmonically semi-symmetric η-Einstein Lorentzian para-
Sasakian manifold with respect to the quarter-symmetric metric connection.
In Section 7, we study Lorentzian para-Sasakian manifolds satisfying the con-
dition C̄(ξ,X) · S̄ = 0. Lorentzian para-Sasakian manifold whose curvature
tensor of manifold is covariant constant with respect to the quarter-symmetric
metric connection and manifold if recurrent with a Levi-Civita connection is
studied in Section 8.

2. Preliminaries

A differentiable manifold of dimension n is called a Lorentzian para-Sasakian
manifold, if it admits a (1, 1)-tensor field ϕ, a contravariant vector field ξ, a
1-form η and a Lorentzian metric g which satisfy

(2.1) ϕ2X = X + η(X)ξ, η(ξ) = −1,

(2.2) g(X, ξ) = η(X), ϕξ = 0, η(ϕX) = 0,
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6 On a Lorentzian para-Sasakian manifold 3

(2.3) g(ϕX, ϕY ) = g(X,Y ) + η(X)η(Y ),

(2.4) (∇Xϕ)(Y ) = g(X,Y )ξ + η(Y )X + 2η(X)η(Y )ξ,

(2.5) ∇Xξ = ϕX,

where ∇ denotes the covariant differentiation with respect to the Lorentzian
metric g.
If we put

(2.6) Φ(X,Y ) = g(ϕX, Y )

for all vector fields X and Y , then the tensor field Φ(X,Y ) is a symmetric (0, 2)
tensor field [17]. Also since the 1-form η is closed in an LP -Sasakian manifold,
we have [3]

(2.7) (∇Xη)(Y ) = Φ(X,Y ), Φ(X, ξ) = 0

for all vector fields X, Y ∈ χ(M).
Moreover, the curvature tensor R, the Ricci tensor S and the Ricci operator

Q in a Lorentzian para-Sasakian manifold M with respect to the Levi-Civita
connection satisfy the following equations [24]:

(2.8) η(R(X,Y )Z) = g(Y, Z)η(X)− g(X,Z)η(Y ),

(2.9) R(ξ,X)Y = −R(X, ξ)Y = g(X,Y )ξ − η(Y )X,

(2.10) R(X,Y )ξ = η(Y )X − η(X)Y,

(2.11) R(ξ,X)ξ = −R(X, ξ)ξ = X + η(X)ξ,

(2.12) S(X, ξ) = (n− 1)η(X), Qξ = (n− 1)ξ,

(2.13) S(ϕX, ϕY ) = S(X,Y ) + (n− 1)η(X)η(Y )

for all vector fields X,Y ∈ χ(M).

Definition 2.1. A Lorentzian para-Sasakian manifold M is said to be an η-
Einstein manifold if its Ricci tensor S of type (0, 2) satisfies

(2.14) S(X,Y ) = ag(X,Y ) + bη(X)η(Y ),

where a and b are smooth functions on M . In particular, if b = 0, then an
η-Einstein manifold is an Einstein manifold.
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Contracting (2.14), we have

(2.15) r = na− b.

On the other hand, putting X = Y = ξ in (2.14) and using (2.1), (2.2) and
(2.12), we also have

(2.16) − (n− 1) = −a+ b.

Hence it follows from (2.15) and (2.16) that

a =
r

n− 1
− 1, b =

r

n− 1
− n.

So the Ricci tensor S of an η-Einstein Lorentzian para-Sasakian manifold is
given by

(2.17) S(X,Y ) = (
r

n− 1
− 1)g(X,Y ) + (

r

n− 1
− n)η(X)η(Y ).

3. Curvature tensor of a Lorentzian para-Sasakian man-
ifolds with respect to the quarter-symmetric metric
connection

If R and R̄, respectively, are the curvature tensors of the Levi-Civita con-
nection ∇ and the quarter-symmetric metric connections ∇̄ in a Lorentzian
para-Sasakian manifold M . Then we have [2]

(3.1) R̄(X,Y )Z = R(X,Y )Z + η(X)η(Z)Y − η(Y )η(Z)X

+g(Y, Z)η(X)ξ − g(X,Z)η(Y )ξ,

(3.2) R̄(ξ, Y )Z = −R̄(Y, ξ)Z = −2η(Z)Y − 2η(X)η(Y )ξ,

(3.3) R̄(X,Y )ξ = 2η(Y )X − η(X)Y,

(3.4) S̄(Y, Z) = S(Y, Z)− g(Y,Z)− nη(Y )η(Z),

(3.5) Q̄Y = QY − Y − nη(Y )ξ, Q̄ξ = 2(n− 1)ξ,

(3.6) S̄(Y, ξ) = 2(n− 1)η(Y ), S̄(ξ, ξ) = −2(n− 1),

(3.7) S̄(ϕY, ϕZ) = S(Y, Z)− g(Y, Z)− (n− 2)η(Y )η(Z)

for all vector fields X,Y, Z ∈ χ(M).
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6 On a Lorentzian para-Sasakian manifold 5

4. Conharmonically flat Lorentzian para-Sasakian man-
ifolds with respect to the quarter-symmetric metric
connection

As a special subgroup of the conformal transformation group, Ishii [13] in-
troduced the notion of conharmonic transformation under which a harmonic
function transform into a harmonic function. The conharmonic curvature ten-
sor C of type (1, 3) in a Lorentzian para-Sasakian manifold M of dimension n
is defined by ([12],[13])

(4.1) C(X,Y )Z = R(X,Y )Z − 1

(n− 2)
[S(Y, Z)X − S(X,Z)Y

+g(Y, Z)QX − g(X,Z)QY ]

for all vector fields X,Y, Z ∈ χ(M), which is invariant under conharmonic
transformation.

Analogous to the equation (4.1), we define the conharmonic curvature ten-
sor C̄ in a Lorentzian para-Sasakian manifold M with respect to the quarter
symmetric metric connection ∇̄ by

(4.2) C̄(X,Y )Z = R̄(X,Y )Z − 1

(n− 2)
[S̄(Y, Z)X − S̄(X,Z)Y

+g(Y,Z)Q̄X − g(X,Z)Q̄Y ],

where R̄, S̄ and Q̄ are the Riemannian curvature tensor, the Ricci tensor and
the Ricci operator with respect to the connection ∇̄, respectively. A manifold
whose conharmonic curvature tensor vanishes at every point of the manifold is
called conharmonically flat manifold.

Let us assume that the manifold M with respect to the quarter-symmetric
metric connection is conharmonically flat, that is, C̄ = 0. Then from (4.2), we
have

(4.3) R̄(X,Y )Z =
1

(n− 2)
[S̄(Y, Z)X− S̄(X,Z)Y +g(Y, Z)Q̄X−g(X,Z)Q̄Y ].

By putting Y = Z = ξ in (4.3) and then using (3.3), (3.6) and (2.2), we find

(4.4) Q̄X = −2X − 2nη(X)ξ.

Similarly we have

(4.5) Q̄Y = −2X − 2nη(Y )ξ.

Now from (4.3)-(4.5), we have

(4.6) R̄(X,Y )Z =
1

(n− 2)
[S̄(Y, Z)X − S̄(X,Z)Y − 2g(Y, Z)X + 2g(X,Z)Y
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−2ng(Y, Z)η(X)ξ + 2ng(X,Z)η(Y )ξ].

Putting X = ξ and using (3.2), (3.6), (2.1) and (2.2), we get

S̄(Y,Z) = −2(n− 1)g(Y, Z)− 4(n− 1)η(Y )η(Z)

which by using (3.4) becomes

(4.7) S(Y, Z) = −(2n− 3)g(Y, Z)− (3n− 4)η(Y )η(Z).

Hence contracing (4.7), we obtain

(4.8) r = −2(n− 1)(n− 2).

Thus we have the following theorem:

Theorem 4.1. An n-dimensional conharmonically flat Lorentzian para-Sasa-
kian manifold with respect to the quarter-symmetric metric connection is an
η-Einstein manifold with the scalar curvature r = −2(n− 1)(n− 2).

5. ϕ-conharmonically flat Lorentzian para-Sasakian man-
ifolds with respect to the quarter-symmetric metric
connection

Definition 5.1 ([22]). An n-dimensional (n > 3) Lorentzian para-Sasakian
manifold satisfying the condition

(5.1) ϕ2C(ϕX, ϕY )ϕZ = 0

is called ϕ-conharmonically flat.

Analogous to the equation (5.1), we define an n-dimensional Lorentzian
para-Sasakian manifold is said to be ϕ-conharmonically flat with respect to the
quarter-symmetric metric connection if it satisfies

(5.2) ϕ2C̄(ϕX, ϕY )ϕZ = 0

for any vector fields X,Y, Z ∈ χ(M).
Assuming that the manifold is ϕ-conharmonically flat with respect to the

quarter-symmetric metric connection. Then from (5.2), we have

(5.3) g(C̄(ϕX, ϕY )ϕZ, ϕW ) = 0

for any X,Y, Z,W ∈ χ(M). Using (4.2) in (5.3), we have

(5.4) g(R̄(ϕX, ϕY )ϕZ, ϕW ) =
1

(n− 2)
[g(ϕY, ϕZ)S̄(ϕX, ϕW )

−g(ϕX, ϕZ)S̄(ϕY, ϕW ) + g(ϕX, ϕW )S̄(ϕY, ϕZ)− g(ϕY, ϕW )S̄(ϕX, ϕZ)].
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6 On a Lorentzian para-Sasakian manifold 7

Now in view of (3.1) and (3.4), (5.4) becomes

(5.5) g(R(ϕX, ϕY )ϕZ, ϕW ) =
1

(n− 2)
[g(ϕY, ϕZ)S(ϕX, ϕW )

−g(ϕX, ϕZ)S(ϕY, ϕW ) + g(ϕX, ϕW )S(ϕY, ϕZ)− g(ϕY, ϕW )S(ϕX, ϕZ)].

+
1

(n− 2)
[−g(ϕY, ϕZ)g(ϕX, ϕW ) + g(ϕX, ϕZ)g(ϕY, ϕW )

−g(ϕX, ϕW )g(ϕY, ϕZ) + g(ϕY, ϕW )g(ϕX, ϕZ)].

Let {e1, e2, ....., en−1} be a local orthonormal basis of vector fields in M . Using
that {ϕe1, ϕe2, ....., ϕen−1, ξ} is also a local orthonormal basis, if we put X =
W = ei in (5.5) and sum up with respect to i, then

(5.6)
n−1∑
i=1

g(R(ϕei, ϕY )ϕZ, ϕei) =
1

(n− 2)

n−1∑
i=1

[g(ϕY, ϕZ)S(ϕei, ϕei)

−g(ϕei, ϕZ)S(ϕY, ϕei) + g(ϕei, ϕei)S(ϕY, ϕZ)− g(ϕY, ϕei)S(ϕei, ϕZ)].

+
1

(n− 2)

n−1∑
i=1

[−g(ϕY, ϕZ)g(ϕei, ϕei) + g(ϕei, ϕZ)g(ϕY, ϕei)

−g(ϕei, ϕei)g(ϕY, ϕZ) + g(ϕY, ϕei)g(ϕei, ϕZ)].

It can be easily verify that [22]

(5.7)

n−1∑
i=1

g(R(ϕei, ϕY )ϕZ, ϕei) = S(ϕY, ϕZ) + g(ϕY, ϕZ),

(5.8)

n−1∑
i=1

S(ϕei, ϕei) = r + n− 1,

(5.9)

n−1∑
i=1

g(ϕei, ϕZ)S(ϕY, ϕei) = S(ϕY, ϕZ),

(5.10)

n−1∑
i=1

g(ϕei, ϕei) = n− 1,

(5.11)
n−1∑
i=1

g(ϕei, ϕZ)g(ϕY, ϕei) = g(ϕY, ϕZ).
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By virtue of (5.7)-(5.11), the equation (5.6) can be written as

(5.12) S(ϕY, ϕZ) + g(ϕY, ϕZ) =
1

(n− 2)
[(r + n− 1)g(ϕY, ϕZ)

+(n− 3)S(ϕY, ϕZ)]− 2g(ϕY, ϕZ),

from which it follows that

(5.13) S(ϕY, ϕZ) = (r − 2n+ 5)g(ϕY, ϕZ).

By using (2.3) and (2.13) in (5.13), we get

(5.14) S(Y,Z) = (r − 2n+ 5)g(Y, Z) + (r − 3n+ 6)η(Y )η(Z).

Hence contracting (5.14), we obtain

(5.15) r =
2(n− 1)(n− 3)

n− 2
.

Thus we have the following theorem:

Theorem 5.2. Let M be an n-dimensional (n > 3), ϕ-conharmonically flat
Lorentzian para-Sasakian manifold with respect to the quarter-symmetric metric
connection. Then M is an η-Einstein manifold with the scalar curvature r =
2(n−1)(n−3)

n−2 .

6. ϕ-conharmonically semi-symmetric η-Einstein
Lorentzian para-Sasakian manifolds with respect to
the quarter-symmetric metric connection

Definition 6.1. An η-Einstein Lorentzian para-Sasakian manifold (Mn, g),
n > 1 is said to be ϕ-conharmonically semisymmetric with respect to the
quarter-symmetric metric connection if

C̄(X,Y ) · ϕ = 0

on M for all X,Y ∈ χ(M).

Let M be an n-dimensional ϕ-conharmonically semi-symmetric η-Einstein
Lorentzian para-Sasakian manifold with respect to the quarter-symmetric met-
ric connection. Therefore C̄(X,Y ).ϕ = 0 turns into

(6.1) (C̄(X,Y ) · ϕ)Z = C̄(X,Y )ϕZ − ϕC̄(X,Y )Z = 0

for any vector fields X,Y, Z ∈ χ(M). From (4.2), we have

(6.2) C̄(X,Y )ϕZ = R̄(X,Y )ϕZ − 1

(n− 2)
[S̄(Y, ϕZ)X − S̄(X,ϕZ)Y

+g(Y, ϕZ)Q̄X − g(X,ϕZ)Q̄Y ].
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6 On a Lorentzian para-Sasakian manifold 9

By using (3.1), (3.4) and (3.5), the last equation takes the form

(6.3) C̄(X,Y )ϕZ = R(X,Y )ϕZ + η(X)g(Y, ϕZ)ξ − η(Y )g(X,ϕZ)ξ

− 1

(n− 2)
[S(Y, ϕZ)X − g(Y, ϕZ)X − S(X,ϕZ)Y + g(X,ϕZ)Y

+g(Y, ϕZ)(QX − 2X − nη(X)ξ)− g(X,ϕZ)(QY − 2Y − nη(Y )ξ)].

Also we have

(6.4) ϕC̄(X,Y )Z = ϕR(X,Y )Z + η(X)η(Z)ϕY − η(Y )η(Z)ϕX

− 1

(n− 2)
[S(Y,Z)ϕX − S(X,Z)ϕY − g(Y,Z)ϕX + g(X,Z)ϕY

−nη(Y )η(Z)ϕX+nη(X)η(Z)ϕY +g(Y, Z)(ϕQX−ϕX)−g(X,Z)(ϕQY −ϕY )].

By using (6.3) and (6.4), (6.1) takes the form

(6.5) g(Y, ϕZ)X−g(X,ϕZ)Y +η(X)g(Y, ϕZ)ξ−η(Y )g(X,ϕZ)ξ−g(Y, Z)ϕX

+g(X,Z)ϕY − η(X)η(Z)ϕY + η(Y )η(Z)ϕX

− 1

(n− 2)
[S(Y, ϕZ)X − g(Y, ϕZ)X − S(X,ϕZ)Y + g(X,ϕZ)Y

+g(Y, ϕZ)(QX − 2X − nη(X)ξ)− g(X,ϕZ)(QY − 2Y − nη(Y )ξ)]

+
1

(n− 2)
[S(Y,Z)ϕX − S(X,Z)ϕY − g(Y,Z)ϕX + g(X,Z)ϕY

−nη(Y )η(Z)ϕX+nη(X)η(Z)ϕY+g(Y, Z)(ϕQX−ϕX)−g(X,Z)(ϕQY−ϕY )] = 0.

Taking Y = ξ and then using (2.1), (2.2), (2.12) and (3.6), (6.5) reduces to

S(X,ϕZ)ξ + (2n− 4)g(X,ϕZ)ξ + nη(Z)ϕX = 0

which in view of (2.17) becomes

(
r

n− 1
+ 2n− 5)g(X,ϕZ)ξ + nη(Z)ϕX = 0.

Now considering Z to be orthogonal to ξ, then η(Z) = 0 and g(X,ϕZ) ̸= 0,
which implies that

r = −(n− 1)(2n− 5).

Thus we can state the following theorem:

Theorem 6.2. For an n-dimensional ϕ-conharmonically semi-symmetric η-
Einstein Lorentzian para-Sasakian manifold with respect to the quarter-symme-
tric metric connection, the scalar curvature r = −(n− 1)(2n− 5).
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7. Lorentzian para-Sasakian manifold satisfying
C̄(ξ,X) · S̄ = 0

Let us consider a Lorentzian para-Sasakian manifold satisfying C̄(ξ,X)·S̄ =
0. Then we have

(7.1) S̄(C̄(ξ,X)Y, Z) + S̄(Y, C̄(ξ,X)Z) = 0.

In view of (4.2), we have

(7.2) C̄(ξ,X)Y = − 1

(n− 2)
[−η(Y )X + (2n− 4)η(X)η(Y )ξ + S(X,Y )ξ

−η(Y )QX + (2n− 3)g(X,Y )ξ].

Making use of (7.2), (7.1) takes the form

(7.3) S̄(C̄(ξ,X)Y, Z) = − 1

(n− 2)
[η(Y )g(X,Z)+2(n−1)(2n−3)g(X,Y )η(Z)

+(4(n− 1)(n− 2) + n(n− 1) + n)η(X)η(Y )η(Z)

+2(n− 1)η(Z)S(X,Y )− η(Y )S(QX,Z)].

Similarly we have

(7.4) S̄(Y, C̄(ξ,X)Z) = − 1

(n− 2)
[η(Z)g(X,Y )+2(n−1)(2n−3)g(X,Z)η(Y )

+(4(n− 1)(n− 2) + n(n− 1) + n)η(X)η(Y )η(Z)

+2(n− 1)η(Y )S(X,Z)− η(Z)S(QX,Y )].

Using (7.3) and (7.4) in (7.1), we have

(7.5) 2(4(n− 1)(n− 2) + n(n− 1) + n)η(X)η(Y )η(Z) + η(Y )g(X,Z)

+η(Z)g(X,Y ) + 2(n− 1)η(Z)S(X,Y ) + 2(n− 1)η(Y )S(X,Z)

+2(n− 1)(2n− 3)g(X,Y )η(Z) + 2(n− 1)(2n− 3)g(X,Z)η(Y )

−η(Y )S(QX,Z)− η(Z)S(QX,Y ) = 0.

Let λ be the eigenvalue of the endomorphism Q corresponding to an eigenvector
X. Then

(7.6) QX = λX.

By using (7.6), (7.5) takes the form

(7.7) 2(4(n− 1)(n− 2) + n(n− 1) + n)η(X)η(Y )η(Z) + η(Y )g(X,Z)

+η(Z)g(X,Y ) + 2(n− 1)λη(Z)g(X,Y ) + 2(n− 1)λη(Y )g(X,Z)

+2(n− 1)(2n− 3)g(X,Y )η(Z) + 2(n− 1)(2n− 3)g(X,Z)η(Y )
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−λ2η(Y )g(X,Z)− λ2η(Z)g(X,Y ) = 0

which on putting Z = ξ reduces to

(7.8) [λ2 − 2(n− 1)λ− 2(n− 1)(2n− 3)− 1]g(X,Y )

−[λ2−2(n−1)λ−2(n−1)(2n−3)−1+2(4(n−1)(n−2)+n(n−1)+n)]η(X)η(Y ) = 0.

By replcing Y = ξ in (7.8), we get

[λ2−2(n−1)λ−2(n−1)(2n−3)−1+4(n−1)(n−2)+n(n−1)+n]η(X) = 0.

This gives

λ2 − 2(n− 1)λ+ (n− 1)2 = 0, η(X) ̸= 0.

Hence we can state the following:

Theorem 7.1. If an n-dimensional Lorentzian para-Sasakian manifold sat-
isfies C̄(ξ,X) · S̄ = 0, then the non-zero eigenvalues of the symmetric endo-
morphism Q of the tangent space corresponding to S are congruent, such as
(n− 1).

8. A Lorentzian para-Sasakian manifold whose curvature
tensor of manifold is covariant constant with respect
to the quarter-symmetric metric connection and M is
recurrent with respect to the Levi-Civita connection

Definition 8.1 ([2]). A Lorentzian para-Sasakian manifold with respect to the
Levi-Civita connection is called the recurrent, if its curvature tensor R satisfies
the condition

(8.1) (∇WR)(X,Y )Z = A(W )R(X,Y )Z,

where A is the 1-form

Analogous to the equation (8.1), a Lorentzian para-Sasakian manifold with
respect to the quarter symmetric metric connection ∇̄ is called the recurrent,
if its curvature tensor R̄ satisfies the condition

(8.2) (∇̄W R̄)(X,Y )Z = A(W )R̄(X,Y )Z,

where R̄ is the curvature tensor with respect to the connection ∇̄.

Theorem 8.2. If an n-dimensional Lorentzian para-Sasakian manifold whose
curvature tensor of manifold is covariant constant with respect to the quarter-
symmetric metric connection and the manifold is recurrrent with respect to the
Levi-Civita connection and the associated 1-form A is equal to the associated
1-form η, then the scalar curvatre r vanishes by providing the trace of ϕ is zero.
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Proof. From (1.1), (2.6) and (2.8), we have

(8.3) (∇̄WR)(X,Y )Z = ∇̄WR(X,Y )Z −R(∇̄WX,Y )Z −R(X, ∇̄WY )Z

−R(X,Y )∇̄WZ = (∇WR)(X,Y )Z + 2η(W )[g(Y, ϕZ)X − g(X,ϕZ)Y ].

Suppose that (∇̄WR)(X,Y )Z = 0, then from (8.2) it follows that

(8.4) (∇WR)(X,Y )Z + 2η(W )[g(Y, ϕZ)X − g(X,ϕZ)Y ] = 0

which on using (8.1) becomes

(8.5) A(W )R(X,Y )Z + 2η(W )[g(Y, ϕZ)X − g(X,ϕZ)Y ] = 0.

Now contracting X in (8.5), we get

(8.6) A(W )S(Y, Z) + 2(n− 1)g(Y, ϕZ)η(W ) = 0.

Suppose the associated 1-form A is equal to the associated 1-form η, then from
the last equation, we get

(8.7) S(Y, Z) = −2(n− 1)g(Y, ϕZ), η(W ) ̸= 0.

Hence contracting (8.7), we get

(8.8) r = −2(n− 1)ψ, where ψ = traceϕ

which completes the proof of the theorem.
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