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TOPOLOGICAL SPACES
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Abstract. In 1994 R. Srivastava defined the concepts of basis and sub-
basis, for a smooth fuzzy topology, described a way to obtain a topology
from a basis and also discussed the product spaces. We point out that
a topology obtained from a basis or a subbasis given in that paper is
not well defined. So we redefine the concept of basis and subbasis for a
smooth fuzzy topology in a natural manner so that every smooth fuzzy
topology becomes a basis as well as a subbasis of itself. We also define
and discuss product of smooth fuzzy topological spaces using the new
definition of basis introduced in this paper.
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1. Introduction

The concept of fuzzy topology on a set X was introduced by Chang [2] as a
collection 7 of fuzzy sets of X satisfying certain conditions and he called each
member of 7 as a fuzzy open set. To overcome the lack of fuzziness in Chang’s
approach A. P. Sostak [9] developed a theory by declaring fuzzy topology as
a function 7 from the collection of all fuzzy subsets of X to [0, 1] satisfying
some properties. A. A. Ramadan [8] gave a similar definition of fuzzy topology
on a fuzzy set in Sostak’s sense under the name of “smooth fuzzy topological
spaces”. R. Srivastava, W.Peeters, C. K. Park, W. K. Min, M. H. Kim, C.
Kalaivani and R. Roopkumar [3] 4 [6] [7, [10] are some of the others who studied
the concept of fuzzy topological spaces in Sostak’s sense.

R. Srivastava [10] introduced the concept of basis, subbasis, product topol-
ogy and separation axioms in Sostak sense; according to this theory, a basis
(called a base in [I0]) is defined as a collection of fuzzy sets of a set X satisfying
a condition which depends on a fuzzy topology on X (see Definition and
a subbasis of (X, 7T) is also defined in the same manner. According to these
definitions a basis or a subbasis is defined only if a fuzzy topology is available
on X; but the definitions for a basis and a subbasis which we are going to give
shortly do not need any fuzzy topological structure on X. In this paper, we
define basis and subbasis as functions from the collection of all fuzzy subsets of
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a set X to [0, 1] in contrast with the one given by R. Srivastava as collections
of fuzzy subsets of X.

In Section 2, we give the basic definitions and results from the literature
which we need to develop our theory. In Section 3, we first point out that the
extension to obtain a fuzzy topology from a basis given in Theorem [2.5| of [I0]
is not well defined. In the same section, we give a new definition of ba51s for
smooth fuzzy topology and prove certain results analogous to the results in
classical theory. In Section 4, we point out that the product of fuzzy spaces
defined in [I0] is not well defined; we define the product of two smooth fuzzy
topological spaces in more natural way and prove certain results. Finally, we
give some concluding remarks in Section 5.

2. Preliminary Definitions and Results

First let us fix the notations. For any set X, a function x4 : X — [0,1] is
called a fuzzy subset of X. By I and I we denote the closed interval [0, 1]
and the set of all fuzzy subsets of X. As usual by Ox and 1x we denote the
fuzzy sets Ox(z) = 0 and 1x(z) = 1 for all z € X. The union Ve uy and
intersection Axesux of a collection {uy : A € J} of fuzzy sets of X, where J is
an arbitrary indexing set, are defined as follows:

(Vaesma) () = sup pa(z) and  (Arespn) (2) = inf piy(2).
red €

If A and B are two fuzzy subsets of X such that A > B, then the complement
A — B of Bin A is defined as (A — B)(z) = A(z) — B(z) for all z € X. Now
we give some definitions and results from the literature.

Definition 2.1. [9, 8] Let p be a fuzzy subset of a nonempty set X and let
={A € I*/A < p}. Let T : J, — [0,1] be a mapping satisfying the
following conditions:

LT (p) =

i 7(0,) =

iii. T(AAB)>T(A)AT(B) for any two fuzzy subsets A, B of u
T(VAy) > AT (Ay) for any collection {Ax}ren, Ax € Ty

Then T is called a smooth fuzzy topology on p and the pair (u, 7)) is called a
smooth fuzzy topological space; for any A € J,,, T(A) is called the degree of
openness of the fuzzy set A.

Let C : 3, — [0,1] be the mapping defined by C(A) = 7 (x— A). Then C(A)
is called the degree of closedness of the fuzzy set A.

If 7 and T’ are two smooth fuzzy topologies on a given set X and if 7" > T,
we say that 77 is finer than 7 or equivalently 7 is coarser than 7. Strict finer
and strict coarser can be defined accordingly. We say that 7 is comparable
with 77 if either 7/ > T or T > T".
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Definition 2.2. [I] Let u be a fuzzy subset of X and v be a fuzzy subset of
Y. The product g x v of p and v is defined as a fuzzy subset of X x Y, by

(nxv)(2,y) = plx) Av(y),
for each (z,y) € X x Y.

In what follows in this section, a fuzzy topology means a smooth fuzzy
topology.

Definition 2.3. [I0] Let (X, T) be a fuzzy topological space. Then a family
% ={B € I* : T(B) > 0} is called a base of (X,T) if for all U € IX with
T(U) > 0 and for all fuzzy points xz, € U, there exists a B € % such that
T, € BCU.

Definition 2.4. [10] A family . C I*¥ of a fuzzy topological space is called a
subbase of (X, T) if the family Z.» of finite intersections of members of .7 is
a base of (X, 7).

Theorem 2.5. [10] Let ¥ C I, contain Ox and 1x. Let T be any map from
& 10 [0,1] such that T(0x) =T (1x) =1 and T(U) > 0, for allU € .. Then
the extension Ty : IX — [0,1] given as follows: for each U € I*X,

T(Ul)/\T(UQ) Zf U = U; NUsy where UZ,UQ e
T (U) = < sup T(W;) if U = UW; where each W; € B.»
0 otherwise

defines a gradation of openness on X.

Definition 2.6. [10] Let {(X;,7;)/i € &/} be a family of fuzzy topological
spaces and P; : X = [[,c, Xi — X; denote the it" projection map. Consider
the family

S ={P71U): Ti(U;) > 0,i € &/}

where P, (U;)(x) = U(P;(x)) for all x € X. Let Z.» be the collection of all
finite intersections of members of .. Define T from I¥ to I by

) iU = P(V)

Fwy = JTUIAT(U) iU = U0 Us where Ui, Uy €
sup T(W;) if U = UW; where each W; € B.»
0 otherwise

Then T is called the product of 7;’s and (X, T) is called the product of the
fuzzy topological spaces {(X;,T;)/i € </ }.

Results and definitions used in this paper which are not stated explicitly
here are taken from [5].
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3. Basis for Smooth Fuzzy Topological Spaces

Now we justify that the extension described in Theorem 3.3 of [I0] (see
Theorem is not well-defined.

Let U; and Uy be fuzzy subsets of a set X such that Ox < Uy < U < 1x.
Let .¥ = {0x,1x,U;,Us}. Define t : & — [0, 1] as follows:

t(0x) = t(1x) = t(U;) = 1 and t(Uz):%.

Then % and t satisfy all the requirements of Theorem 3.3 of [I0]; now, since
U, = Uy A Us, according to the suggested extension, we must have t(U;) =
t(U1)At(Uz) = %; which leads to a contradiction. This shows that the suggested
extension is not well defined. Now we define the concept of basis and obtain a
topology from it.

Definition 3.1. Let u be fuzzy subset of a nonempty set X. Let
B:3,—[0,1]
be a function satisfying the following conditions:

i. Given x € X and e > 0 there exists A < p such that

A(x) = p(x) and B(A) > 1 —e.

ii. Forz € X, A, Bin J, and € > 0, there exists C € J,, such that C(x) =
A(z) AN B(z), C < AN B and B(C) > (B(A) AB(B)) —e.

then B is called a basis for a smooth fuzzy topology on p.

Definition 3.2. Let A be a fuzzy subset of a set X. A collection {Ax}ren
of non-zero fuzzy subsets of A is called an inner cover for A if for each x € X
there exists some A € A such that Ay(z) = A(x) and Ay < A for all A € A.

We note that VA, = A in this case.

Definition 3.3. Let pu be fuzzy subset of a nonempty set X and let B be a
basis for a smooth fuzzy topology on p. Define the smooth fuzzy topology
T :3, — [0,1] generated by B as follows:

1 if A=0x
T(A) = sup{ inf {B(A\)}} if A+#0x
Ael AxeCa

where {Cy }aer is the collection of all inner covers Cy = {Ax}ren of A.

In the above definition, for A # 0x we find T (A) as follows. For any inner
cover Cn = {Ax}aen of A we compute B(A)) for all Ay € Cy and find the
infimum of them. After finding the infimum with respect to all covers of A, we
find the supremum of them and declare it as 7 (A).
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Example 3.4. Let X = (0,1) and x4 denote the characteristic function of A.
Define B : IX — [0,1] by

1 if A= Xy
B(A) = q if A= x(g1),where g is rational

0 otherwise

Then B is a basis for a smooth fuzzy topology 7 on X.

We note that B(x(s,1)) = 0, whereas T (x(4,1)) = 1 for all irrational a in
(0,1). So, T is not an extension of 5.

Theorem 3.5. Let i be a fuzzy subset of a set X and B be a basis. If T is as
defined in Definition[3.3, then T is a smooth fuzzy topology on fu.

Proof. As the collection {A} is an inner cover for A and since B takes the value
n [0,1], 7 is well defined. Now we prove that 7(u) = 1. For each z € X
and € > 0 let A, < p be such that A, (z) = p(x) and B(Az.) > 1 —e€. The
collection €, = {A, . }sex is then an inner cover for  and Jc12)f(~{l’)’(flg“)} > 1—e.

Thus for each € > 0 there exists an inner cover €, = {A; (}zex of u such that

i >1—e
mlg({B(Axe)} >1—ce¢
This implies that,
T (1) > sup{inf {B(A;)}} > 1,
¢, rzeX

and hence T (p) = 1. From the definition of T, we have 7(0, ) = 1.

Now we prove that T(A A B) > T(A) AT (B) for any two fuzzy subsets A,
Bin J,. If AN B = Oy, then there is nothing to prove. If AA B # 0Ox, then
let C = AAB. For e > 0, let {Ax}ren, and {B,}yca,, be inner covers such
that

€ €
inf {B(Ay)} > T(A) — < and inf {B(B,)} > T(B) - <.
Anf {B(Ax)} 2 T(A) — 5 and inf {B(B,)} 2 T(B) - 5

Let Cyy = Ax N By for A € Ay and v € Ag. Let A denote the set of all pairs
(A7) for which Cy, # O0x. Since AA B # Ox there is an € X such that
A(x) A B(x) # 0; then by the definition of inner cover there exist Ay, and B,
in the corresponding inner covers such that Ay, (z) = A(x) and B, (z) = B(x);
this implies that Ay, (z) A By, (z) # 0 and hence (Mg, 7) € A; thus we have
A#0.

Now, for (A,v) € A and for each « € X, let Dy - , be such that Dy, .(z) =
Ax(x) N By(z) = Cx (), Dxy,» < Cy 4 and

€

B(Danx) = (B(A) A B(B,) = 5.

Thus by the construction of Dy 5 ., the collection {DA’A,’I}xex is an inner
cover for C , and hence the collection {D) 4 z}x,,2 is an inner cover for C.
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Now,

zlgﬁ( {B(DA,W,I)} > (A,i'?)feA {B(AA) A B(B’y) o %}

(My)EA
=t (B AB(EB)} -
> { lnf {B(AA)}/\ }\lnf {B(B )}};
> {mf {B(AN} A mf {B( )}};
> (T -3)1 (T(B>‘§)‘§
= (TAAT®B) -5~ &
= (T(AAT(B)) -«

But,

T(AAB) = T(O)
> inf {B(Drvwe)}
(A )EA

(T(A)AT(B)) -
This is true for every € > 0 and hence
T(AANB) = (T(A) AT(B))
for any two subsets A, B of X.
Now we prove that T(/\\G/A Ay) >

A)\ S :ilt'
For each € > 0 and for each Aj, let {A)‘/Y}'yel_‘)\ be an inner cover for Ay
such that

vV

A T (Ay) for any collection {Ax}xen,
€

inf {B(Ax,)} > T(Ax) —e.

~yeTlx

Since {Ax~}, cr, is an inner cover for Ay, we have {Ax} ) e, 18 an inner
cover for vV A,. Now,
AEA

TGy, AN = b {B(Ax4)}

= ot { it (800}
> —
> Aug\ {T(AN) — €}
= inf {T(A\)} -

Since this is true for every ¢ > 0, we get

T(VAy) > ilif {T(AN)}.
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Thus T(AVA Ay) = A/\A T (Ay) for any collection {Ax}rea, Ax € J,,. Hence T
€ €
is a smooth fuzzy topology on pu. O

From the definition of 7 constructed from B, it is clear that the smooth
fuzzy topology generated by a basis is unique.

Theorem 3.6. Let (11, T) be a smooth fuzzy topological space, then T is a basis
for a smooth fuzzy topology on pu and the smooth fuzzy topology generated by T
18 itself.

Proof. We take B = T and prove that B is a basis for the smooth fuzzy topology
T on p. For any z € X and € > 0, taking A = u, we have A(x) = pu(z), A<u
and

B(A) = T(A) = T() > 1 —e.
Let x € X and A, B'in J, and € > 0. Taking C = A A B, we have
C(z) = A(z) A B(z) and C < A A B. Now,
B(C)=T(C)=T(AANB)>T(A)ANT(B) = (B(A) AB(B)) —e.

Thus B is a basis for a smooth fuzzy topology on p.

Now we prove that the smooth fuzzy topology generated by B is 7. Let T’
be the smooth fuzzy topology generated by B. Let E € J,. Since T is the
smooth fuzzy topology generated by B, we have

7(5) = sup { nt, (BB},

Aer (ExeCa

where {Ca}aer is the collection of all possible inner covers {E)}xea of E.
Since F itself is an inner cover for E, we have

T'(E) 2 B(E) = T(E).

Thus 7’ > 7. But by our assumption, 7 is a smooth fuzzy topology on pu.
Thus for any inner cover {F)}xca of E we have,

T(E) =T(Y Ex) 2 AT (Ey).

This implies that

7(E) = sup { int 1580} =swp { it (550} = 7B,

Ael (Ex€Ch Aer | Ex€Ca
This implies that 7 > 7" and hence 7 = 7. O

Definition 3.7. A function B : J, — I is said to be a basis for the smooth
topology T on p if B is a basis for a smooth fuzzy topology on p and the
topology generated by B is T.

Theorem 3.8. Let (1, T) be a smooth fuzzy topological space. Let B : 3, —
[0,1] be a function satisfying
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i. T(A) > B(A) forall A3,

. if A€ J,, x € X and € > 0, then there exvists B € J,, such that B < A,
B(xz) = A(x) and B(B) > T(A) —e.

Then B is a basis for the smooth fuzzy topology T on p.

Proof. By a similar argument as in the proof of Theorem [3.6] we can verify that
B is a basis. Now we prove that the smooth fuzzy topology generated by B is
T. Let T’ be the smooth fuzzy topology generated by B.

Let E € 3, and let {E)}xca be an inner cover for E. Then for all z € X
and for each Ey, by (ii.) there exists E) , € J, such that

Ek,x(gj) = EA(I), EA,r < FE, and B(Ek,ac) > T(E)\) — €.

Then the collection {E) ,}zex is an inner cover for Ey and therefore the col-
lection {E ;}ren wex is an inner cover for E. Thus for any given inner cover
{Ex}aen of E there exists an inner cover {E) ; }rea zex of E such that

B(Ek,z) Z T(E)\) — €
for all A € A, x € X. This implies,

BB > BT (B = ) = (T (B3) =

Since this is true for every inner cover Cy = {E)}rca, we have

supq inf {B(E\,)} p > sup{ inf {T(EA)}} — €,
Aer

Ael | Ex€Ca c ENeCp
zeX

where {Ch }aer is the collection of all possible inner covers {Ey}aca of E. But

by definition of 7’ we have 7'(E) > sup < inf {B(E\.)} p. This implies,
Ael | ExeCa
zeX

T(E) > sup EiggA{B(EA,x)}
zeX
> qup{ing, (7B} e
= T(E)—c¢

Since this is true for every € > 0, we have T'(E) > T(E) and therefore 7' > T.
Now, let E € 3, and Cj = {Ex}xea be an inner cover for E. Then by (i.)
we have, T(E\) > B(E)) for all A € A. This implies that
inf E)\)} > inf {B(E\)}.
inf [T(By)} > inf {B(Ey)}

E\eCa
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Since this is true for every inner cover Cy = {E)}xea, we have
inf {T(F > inf {B(FE .
sup {E;QCA{ ( A)}} = sup {EirécA{ ( A)}}

This implies that 7 > 7' and hence 7 = T". O

Theorem 3.9. If B is a basis for the smooth fuzzy topological space (u,T),
then

i. T(A) > B(A) forall Ac3,.

. ifve X, A€ T, and € > 0, then there exvists B € J,, such that B < A,
B(z) = A(x) and B(B) > T(A) —e.

Proof. Let A € J,. Since {A} is an inner cover for A, (i.) follows. To prove

(ii.), let € X, A € 3, and € > 0. Then there exists an inner cover Cy =

{A)\}/\EA such that AirelfC {B(A)\)} > T(A) — €. Since Cp = {Ak})\EA is an
A A

inner cover for A, there exists Ay, € {Ax}xea such that Ay, (z) = A(z). Since
Ay, € {Ax}ren, we have Ay, < A and B(Ay,) > T(A) —e.

Theorem [3.8|and Theorem 3.9 together give a characterization for a function
B :3J, —[0,1] to be a basis for a smooth fuzzy topology.

Theorem 3.10. Let B and B’ be bases for the smooth fuzzy topologies T and
T’ respectively on . Then the following conditions are equivalent.

i. T’ is finer than T.

i. if B €3, v € X and e > 0 there exists B' € J,, such that B' < B,
B'(z) = B(z) and B'(B’) > B(B) —e.

Proof. First we assume that 7" is finer than 7. Let B € J,, v € X and € > 0.
Since B’ is a basis for 77, by Theorem there exists B’ € J,, such that

B'(x) = B(z), B'< B and B (B') > T'(B) —e.
By our assumption, we have 7'(B) > T (B), and hence we obtain that
B(B')Y>T'(B)—e>T(B)—e>B(B) —e.

Conversely, we assume that (ii.) holds. Let E' € J, and € > 0. Let {C }acr
be the collection of all possible inner covers {Fy}xea of E. Since B is a basis
for T, there exists an inner cover Cy = {F)}xea such that

pinf {B(EN} = T(E) —e

Then by (ii.) for each Ey and for each x € X there exists E , € J, such that
Ey.(x) = Ex(x), E), < E) and

B/(E)\J) > B(E)\) — €.



10 Murugesan Shakthiganesan, Ramachandran Vembu

Then {E) 4 }zex is an inner cover for E) and therefore {E) ;}aeazex is an
inner cover for E. Thus for any given inner cover Cy = {F)}xca, there exists
an inner cover {E) ; faea zex of E such that

B'(Exz) > B(E)) — ¢,
for all A € A, x € X. This implies that,
. / > _
nf {B'(Exs)} 2 B(E) —¢

for all A € A and hence

. / > _ > _
pinf {B'(Exe)} 2 inf {B(E\)—e}2 inf {B(E)}-e
rzeX

Since this is true for every inner cover Cy = {E)}xea, we have

inf {B'(E). > inf {B(E — €.

i?s{Efe‘CA{ - ”};gg{E;ch{ B} -
rzeX

But by definition of 7’ we have

T(E) > inf {B'(Ex.
(B) = supq inf {B(Exa)}
zeX

> inf {B(E —

> i, BB |-
= T(E)-e

As this is true for every € > 0 we have, T'(E) > T(E), and hence 7" > 7. O

Theorem 3.11. If {T5}sen is a family of smooth fuzzy topologies on u, then
5in£{7f;} is also a smooth fuzzy topology on .
€

Proof. Let T = 6122{7:;}. Clearly 7(p) =1 and T(0x) = 1.
Let A and B be in J,. Then
TANB) = i(TiArB)
> i {T(A) ATy (B)
= inf {T5(A)} A inf {75(B)}

= T(A)AT(B).
Let {Ax}aea, Ax € T, be any collection of fuzzy subsets of X. Then
TEHA) = (Y A

>t { A (T(A0})
= AL {7}
- ,\/e\AT(A’\)'

First online - August 13, 2016. Draft version - November 2, 2016



First online - August 13, 2016. Draft version - November 2, 2016

On the product of smooth fuzzy topological spaces 11

Thus T is a smooth fuzzy topology on p. O

As in the case of crisp topology, if {T5}sca is a family of smooth fuzzy
topologies on p, then sup{7s} need not be a smooth fuzzy topology on u.
dEA

4. Product of Smooth Fuzzy Topological Spaces

In [T0] the product of smooth fuzzy topological spaces is defined and dis-
cussed, and in [4] the definition is modified to get that product of closed sets is
closed. However, the definitions of the product topology given in both papers
[10] and [] are not well defined. Indeed, we justify that Definition 3.3 of [10]
(see Definition defining the product is not well-defined.

Let X7 = R and X3 = R. Let U; and U; be defined by U;(z) = % for all
x € Xy and Us(z) = % for all z € X,. Let 77 be a function from I** to I
defined by 71(0x,) = Ti(1x,) = 1, T1(U1) = § and Ti(A) = 0 for all other
A € I+, Let T3 be a function from I to I defined by Ti(0x,) =Ti(1x,) =1,
T2(Us) = % and T5(A) = 0 for all other A € I*2. Clearly 71 and T3 are
gradation of openness on X; and X, respectively. Let

S ={P (V) : Ti(U) > 0} U{P; *(U) : T2(U) > 0}

Let X = X; x X5 and let V(x1,22) = % for all (z1,22) € X. Clearly it follows
that
V= PN (U) = B ().

This shows the Definition 3.3 of [10] is not well defined.
So we define the concept of product fuzzy topology in a new manner as
follows.

Definition 4.1. Let p and v be fuzzy subsets of X and Y respectively. Let
(i, T,) and (v, T,) be two smooth fuzzy topological spaces. A basis B for the
smooth fuzzy topology on g x v is defined as a function B : J,x, — [0,1] as
follows:

Let E € J,x,. If E cannot be written as A x B for any A € J,, and
B € 7, then define B(E) = 0. Otherwise define

B(E) = sup{T.(Ax) A T..(Bx)}
AEA

where {A) X By} aen is the collection of all possible ways of writing
E as E = Ay x By, where Ay €3J,, B\ €7J,.

The smooth fuzzy topology generated by B is called the product topology on
X V.

Theorem 4.2. Let (u,7,) and (v,T,) be two smooth fuzzy topological spaces.
Let B : 3%, — [0,1] be the function defined in Definition , Then B is a
basis for the smooth fuzzy topology on pu X v.



12 Murugesan Shakthiganesan, Ramachandran Vembu

Proof. Since T, (1) = T,(v) = 1, we have B(p x v) = 1 and hence (i.) of
Deﬁnitionfollows. Let (z,y) € X, A, B in J,%, and € > 0. Suppose any
one of A and B, say A, cannot be written as A; x Ay for any A; € J, and
As € 7, then B(A) = 0, and hence (ii.) of Definition follows in this case.
Otherwise by definition of B, there exists A4;,B; € J,, and Ay, By € J, such
thatA:A1 XAQ,B:Bl XBQ,

Tu(A1) AT, (A2) > B(A) —eand T,(B1) AT, (B2) > B(B) —
Let C = AN B. Clearly C(z,y) = A(z,y) A B(z,y) and C < A A B. Now,

B(C) = B(AAB)

B((A; x A3) A (By x By))
= B((A1 A B1) x (As A By))

T (A1 AB1) AT, (A2 A Bs)
(A1) ATu(B1) A (To(A2) A To(B2)
Tu(A1) ATy (A2)} A Tu(B1) AT (B2)}
B(A) —€) N (B(B ) €)
B(A) AB(B)) —

IV v

Il
~

v

(
(

and hence (ii.) of Definition [3.1]follows in this case also. Thus B is a basis. [

Theorem 4.3. Let (p,7,) and (v, T,) be two smooth fuzzy topological spaces.
Let B,,, B, be bases for the smooth fuzzy topologies T, T, respectively. Define
a function By, @ Juxy — [0,1] as follows:

Let E € J,x,. If E cannot be written as Ax B for any A € 3, and
B €7, then define B,x,(E) = 0. Otherwise define

B (B) = sup{Bu(Ax) A By (Bx)}

where {Ax X Bx}xen is the collection of all possible ways of writing
E as E = Ay x By, where Ay €3, By €7J,.

then Bux, is a basis for the product topology on p X v.

Proof. Let (v,y) € X xY and € > 0. Since B, and B, are bases for the
smooth fuzzy topologies 7, and 7, there exists A € J, and B € J, such that

A(z) = p(z), B(y) = v(y) with

B,(A)>1—cand B,(B)>1—e.
Taking E = A x B, we have

B, (E)>B,(A)AB,(B) >1—¢

Thus (i.) of Definition follows.
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Let (z,y) € X, A, BinJ,x, and € > 0. Suppose any one of A and B, say A,
cannot be written as A; x A, for any A; € J, and Ay € J,, then B, (4) =0,
and hence (ii.) of Definition follows in this case. Otherwise by definition
of B,xy, there exists Ay, By € J,, and Ay, By € J, such that A = A; x Aj,
B = Bl X BQ,

€

B (A1) ABy(Az) > By, (A) — % and B,(B1) AB,(By) > By (B) - 5.

Now since x € X and A;, By are in J,, there exists C; € J, such that
Cl(.’I}) = (Al A Bl)(m), Cy <Ay ANBy and

Bu(C1) > (Bu(41) ABL(BY) — 5.
)

Analogously, there exists Co € 7, such that Cy(y) = (Az A B2)(y), Ca <

As A By and c
B,(C2) > (B,(A2) A B,(B2)) — 3

Let C = C x Cs. Then,

Clz,y) = (C1xC2)(z,y)
C1(z) N Ca(y)

(A1 A B1)(x) A (A2 A Ba)(y)
(A1(x) A Bi(z)) A (A2(y)
(A1(z) A Az(y)) A (Bi(w)
(A1(x) x A2(y)) A (Bi(x)
= A(z,y) N B(z,y)

and similarly it follows that C' < A A B. Now,

Bs(y))
Ba(y))
Bs(y))

A
A
X

Bx.(C) Bx,(C1 x Cs)

> B,(C1) AB(Ca)
> {(Bu(41) ABu(BY) = S} A (B,(A2) A B(B2) - 5}
= {(Bu(41) A BL(B1) A (B,(A2) AB,(B2)} — 5
= {(Bu(41) ABu(42)) A (By(B1) A Bu(B2))} — 5

)
> (Bt (B - 5) -
Bxu(A) ABuxu(B)
Byuxy(A) A Buxy(B)

(
=

Thus (ii.) of Definition follows in this case also. Hence B, is a basis
for a smooth fuzzy topology on u x v. Let T be the smooth fuzzy topology
generated by B,x., Tux, be the product topology on p x v and Bﬂxy be the
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basis for 7,,x, as described in Definition Now we prove that T,x, = T.
Let £ € J,x., then

Aer (ExeCa

T(E) = sup { inf {BZXV(E)\)}} ,

where {C }acr is the collection of all possible inner covers Cy = {E)}aea of
E. We divide the collection {Cp}aer, say €, into two subcollections € and €”
where @ is the collection all possible inner covers {Ey}aca of E so that for all
A € A, E) is of the form Ay x B, for at least one Ay € J, and one By € J,,
and €” is the complement of ¢ in €. If an inner cover Cp = {E)\}xep of E
is in €”, then for at least one \g € A, E), is not of the form A x B for any
Aed, and B € J,; hence BY  (E\,) = 0 and therefore

UXv

1 P = = 1
25, Bl (B} =0 = int, {5, (B}
If ¢ = 0, then T,x,(F) = T(E) = 0 and hence we consider the case ¢’ # 0.
Now

®Xv

= sup{ inf {B" (E
EARERLARYY

= 5}£1P{Ei1€1fc { sup  {inf{7.(Ax), T.(Bx)}}}}

A E)\:A)\XBA

> sup{ inf { sup {inf{B.(A)\),B,(Bx)}}}}
¢’ ExeCa E)\:A)\XBA

= swpliat, B (BOY
= Slép{EirElgA{Buxy(E)\)}}
— T(B)

This implies that, 7,x, > T.

To prove the reverse inequality, let E € J,,, and €, &, €" be as above. Let
Cx = {Ex\}rca be an inner cover for E. As above it is enough to consider the
case €' # (). Now let Cy € €. Then for all A € A, we have E, = A x B for at
least one A € J, and one B € J,. Fix a A € A. Let B denote the set of all
pairs (A, B) such that E\ = A x B. Let (A, B) € B, and € > 0. Since B, B,
are bases for 7,, T, by Theorem for any x € X and y € Y, there exists
A, € 3, and B, € 7, such that A,(z) = A(z), Az < A and By(y) = B(y),
B, < B with

Tuxv(E) = Slép{Eigch{Bp (Ex)}H

B,(A;) +e€>T,(A) and B, (By)+e>T,(B).

Clearly {A;}zex is an inner cover for A and {B,},cy is an inner cover for B.
Then the collection {A; x By }zex, yey is an inner cover for A x B = E. Thus
for any pair (A, B) € By, we have an inner cover {A; X By}zex, yey for Ey
such that

B,(Az) +€=7,(A) and B, (By) + € > T,(B),
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for all x € X, y € X. Now,

77L><V(E) = Sup{ lnf {Buxv(Ek)}}
= Sup{ lnf { sup {7 (A) AT, (B)}}}

¢ ExeCh (A,B)eBx

sup{ inf { sup { inf {B, (A;)AB,(By)}+¢€}}}

¢ ExeCjp (A,B)EB (z,y)EX XY

inf inf  {Bux(Ay x B
sup{ it { sup 4, oy 1B VI e

Sgp{EiggA{T(Ex)}} +e
- sgp{EiggA{T(Ex)}} te
T(E) +e.

IN A

IN

Since this is true for every € > 0 we have, 7,,x,(F) < T(F), and hence 7,,», <
T. Therefore both the smooth fuzzy topologies are the same. O

Now we discuss, the closedness of product of fuzzy subsets in the product
of smooth fuzzy topologies. When p = 1 the smooth fuzzy topological space
(u,7,) on X is usually denoted by (X, Tx).

Theorem 4.4. If (X, Tx) and (Y, Ty) are two smooth fuzzy topological spaces,
then Cx xy (A x B) > Cx(A) ACy (B) for all fuzzy subsets A and B of X and
Y.

Proof. We denote the smooth fuzzy product topology on X X Y by Txxy.
From Definition we have, Txxy (A x B) > Tx(A) A Ty (B). Now we claim
that,

Ixxy — (A X B) = ((1X —A) X 1y) \/(1X X (1y —B))

For,
(Ix —A) x1y) V(1x x (y — B))(z,y)

= ((Ix —4) x1y)(z,y) V(Ix x (1y — B))(z,y)
= ((Ix —A)(z) A1y (y)) V (Ix(z) A (1y — B)(v))
= (Ix —A)(x) v (ly — B)(y)

= (1-A(z)Vv(1-B(y)

= 1-(A(x)AB(y))

= 1—(Ax B)(z,y)

= (Ixxy — (A x B))(z,y)
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Now,

Cxxy (A x B) (Ixxy — (A x B))

= Txxy(((1x —A4) x1y) V (1x x (ly — B)))
Txxy((Ix —A) x 1y) ATxxy(1x x (1y — B))
(Tx(lx — A) N Ty(ly)) N (Tx(lx) ATy (ly — B))
Tx(lx — A) AN Ty(ly — B)

— Cx(A)ACy(B).

Txxy

(AVARAY

Thus CXXy(AXB) ZCX(A)/\C}/(B) O

The identity (uxv) — (A x B) = ((u— A) xv)V (uu x (v — B)) is the fuzzy
version of the crisp identity (A x B)¢ = (A°xY)U(X x B). When p=v =1,
the identity becomes

Lyxy = (Ax B) = ((1x = 4) x 1y) V (1x x (1y = B)),

which we proved above. But this identity is not true in general. For example,
on R define pu(z) = %, v(z) =1, A(z) = 1 and B(z) = 3. This is a situation
where the smooth fuzzy theory defined on J, differs with the theory defined
on IX.

We note that Theorem is not valid in general as seen in the following

example.

Example 4.5. Let X; = X5 = R. Define p: X7 — [0,1] as u(x) = % for all
z € Xy and v: Xy — [0,1] as v(z) = § for all € X,. Define T, : 3, — [0, 1]
as follows

iftA=p or A=0x,

if A(z) = {5 forall z € X3

if A(z) = 55 forall z € X3

otherwise

7.(4) =

O ol =

Define 7, : 3, — [0, 1] as follows

it B=v or B=0x,

if B(z) = ¢ forallz e X,

if B(z) = forallz € X,

T,(B) =

O ol =

otherwise

Clearly 7, and 7, are smooth fuzzy topologies on y and v respectively. Now,
consider the fuzzy subsets A(z) = & for all z € X; and B(z) = {5 for all
x € Xy of X7 and X respectively. Then,

Cul4) = Tulls— 4) =
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and 1
C(B)=To(v—-B)= 7.

Let C = uxv—Ax B, then C(z1,29) = i for all (z1,z2) in X7 x Xo.
Now consider

Cooso(A X B) = oo (1 X v — A x B) = T (C) = 0.
Thus C,x, (A x B) # C,,(A) AC,(B), in this case.

Definition 4.6. Let p be fuzzy subset of a set X. Let S : J, — [0,1] be a
function satisfying the following condition:

Given x € X and € > 0 there exists A < p such that

A(z) = p(x) and S(A) > 1 —e.

Then S is called a subbasis for a smooth fuzzy topology on pu.

We now present a way to get a basis from a subbasis, from which a smooth
fuzzy topology can be generated.

Theorem 4.7. Let pi be a fuzzy subset of X. Let S : 3, — [0,1] be a subbasis
for a smooth fuzzy topology on p. Define B : 3, — [0,1] as
B(A) = sup{ inf {S(4;)}}
De® *€lp

where © is the family of all possible finite collections D = {A;}ier, of members
of 3, such that A = _GAI A;. Then the B is a basis for a smooth fuzzy topology
i€lp

on (.

Proof. Since every A € J, can be represented as the intersection of members
of the collection consisting of A alone, and as 0 < S(A) < 1, B is well defined.
As B clearly satisfies (i) of Definition [3.1] we prove (ii) of Definition [3.1] only.

Let x € X, A, Bin J, and € > 0. Then by definition of B there exist
collections {A;}i=1,2,..n and {B;};=12..m such that

A= A A;, B= A B
i=1 j=1

with
inf{B(A4;)} > B(A) — e and inf{B(B,)} > B(B) —e.
A J
Then " -
ANB= (_/\1Ai) A ( _/\1 B;j).

1= j=

Now define a collection of fuzzy subsets Cy < u, for k=1,2,...,n+m, as
Bp_, ifk>n
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If we let C = T:/:\T Ck, then C(z) = (A A B)(z). By definition of B, we have

B(C) = sup{ inf {S(E;)}}

De® €lp
where D is the family of all possible finite collections D = {E; };cr,, of members

of J, such that C = A E;. Now,
i€lp

B(C) = sup{inf {S(E:)}}

De® €lp

> iI]%f{S(Ck)}
= f{S(4)} A ir;f{S(Bj)}

> (B(A)— ) A (B(B) — ¢
= (B(A)AB(B)) - ¢
Thus, B(C) > (B(A) A B(B)) — € and hence, B is a basis. O

5. Conclusion

We pointed out some mistakes in the theory of generating a smooth fuzzy
topology from a basis and in the definition of product topology developed in
[10]. By redefining basis, smooth fuzzy topology generated by a basis, product
topology and subbasis, we rectify the mistakes in the existing theory of fuzzy
topology generated by a basis and product of fuzzy topology introduced in [10].

The definitions of basis and subbasis given in this paper are more natural
and resembles many interesting properties of crisp topology. Therefore many
results available in the crisp topology may be extended without much difficulty
using the definition given here. So the theory developed here will serve as a
core to many theories in future.
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