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Abstract. In this paper, we introduce (CLRg) property for a hybrid
pair of maps in fuzzy metric spaces and utilize the same to prove two
unique common coupled fixed point theorems for two hybrid pairs of
maps satisfying 1 4+ ¢ contractive condition in fuzzy metric spaces.
AMS Mathematics Subject Classification (2010): 54H25; 47TH10

Key words and phrases: Hybrid pair,(CLRg) property,w-compatible
maps,coupled fixed points

1. Introduction

The concept of fuzzy sets was initiated by Zadeh [28] in 1965 which has in-
spired the fuzzification of almost all existing Mathematics. With similar quest,
George and Veeramani [9] and Kramosil and Michalek [14] have introduced
the concept of fuzzy topological spaces induced by fuzzy metrics which was
required to be slightly manipulated to become Hausdorff. Thereafter, many
authors proved fixed and common fixed point theorems in fuzzy metric spaces

(e. g.[7, 18, 10 (111 [15] 17, 19} 22} 23, 26} 27]).

Now, we present the required preliminaries.

Definition 1.1. ([20]). A binary operation * : [0,1] x [0,1] — [0,1] is a
continuous t-norm if it satisfies the following conditions:

1. % is associative and commutative,
2. x is continuous,
3. ax1=uaforallacl0,1],

4. axb < cxd whenever a < ¢ and b < d, for each a,b,¢,d € [0, 1].

Two natural examples of a continuous t-norm are a xb = ab and a *x b =
min{a,b}.
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Definition 1.2. ([9]). A 3-tuple (X, M, x) is called a fuzzy metric space if X
is an arbitrary (non-empty) set, * is a continuous ¢-norm and M is a fuzzy set
on X? x (0,00) satisfying the following conditions (for each z,y,z € X and
t,s > 0):

&
<
S
Il
—_
-
o
=
o
o
=
=5
=
=
=2
Il
=

4. M

8
&
=
*
=
s
B\
w
~
IN
<
—_—
8
n
~
—+
NG

5. M

Let (X, M, x) be a fuzzy metric space. For ¢t > 0, the open ball B(x,r,t)
with center z € X and radius 0 < r < 1 is defined by B(z,r,t) = {y € X :
M(z,y,t) > 1—r}. Let (X, M, %) be a fuzzy metric space and 7 the collection
of all subsets A C X with x € A if and only if there exist t >0 and 0 < r < 1
such that B(z,r,t) C A. Then 7 forms a topology on X induced by the fuzzy
metric M. This topology is Hausdorff as well as first countable.

A sequence {z,} in X converges to z if and only if M (z,,x,t) — 1 as n — oo,
for each t > 0 and the same (sequence) is called a Cauchy sequence in the sense
of [10] if nl;ngo M(xy, Tptp, tn) = 1, for all t > 0 and each positive integer p. The

fuzzy metric space (X, M, x) is said to be complete if every Cauchy sequence in
it is convergent. A subset A of X is said to be F-bounded if there exist t > 0
and 0 < r < 1 such that M(z,y,t) > 1 —r for all x,y € A.

Example 1.3. Let X = (—o0,00). Put a* b= ab for all a,b € [0, 1]. For each
t € (0,00), define M (z,y,t) = m for all z,y € X.

Example 1.4. Let X =[0,1] and a * b = ab for all a,b € [0,1] and let M be
the fuzzy set on X x X x (0, 00) defined by

lz—y]
t

M(z,y,t) =e”
for all ¢ > 0. Then (X, M, *) is a fuzzy metric space.

Example 1.5. Let X = [0,1] and a * b = ab for all a,b € [0,1] and let M be
the fuzzy set on X x X x (0,00) defined by

t ‘zfyl
M t)y=|——
w0 = ()
for all t > 0. Then (X, M, %) is a fuzzy metric space.

Lemma 1.6. ([10]) Let (X, M, ) be a fuzzy metric space. Then M (x,y,t) is
non-decreasing with respect to t, for all z,y in X.
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Definition 1.7. Let (X, M, *) be a fuzzy metric space. Then M is said to
be continuous on X? x (0,00) if lim M (2, Yn,tn) = M(z,y,t), whenever a
n—oo

sequence { (2, Yn,tn)} in X2 x (0,00) converges to a point (z,y,t) € X2 x
(0,00). ie. lim M(zp,x,t) = lim M(yn,y,t) = 1 and lim M(x,y,t,) =
n—oo n— oo n—oQ

M(z,y,t).

Lemma 1.8. ([I8]). Let (X, M, %) be a fuzzy metric space. Then M is a
continuous function on X? x (0, 00).

Recently, Aamri and Moutawakil [I] introduced the property (E.A.) and
proved common fixed point theorems under strict contractive condition. There-
after, Sintunavarat and Kumam [24] introduced a new notion, namely: Com-
mon Limit Range property (in short CLRg). For some more references of this
kind, one can be referred to [5, [6] T3] 2T].

Very recently, Khan and Sumitra [3] extended the (CLRg) property for coupled
maps (also see [25]) as follows

Definition 1.9. Let (X, M, %) be a fuzzy metric space. Two maps F' : X x X —

X and f : X — X are said to satisfy the (CLRg) property if there exist

sequences {z,} and {y,} in X such that lim F(zn,y,) = lim fz, = f(p)
n—oo n—oo

and lim F(y,,z,) = lim fy, = f(¢) for some p,q € X.
n—oo n—oo

Bhaskar and Lakshmikantham [4] introduced the concept of coupled fixed
points. On the analogous lines Lakshmikantham and Ciric [16] defined the
common coupled fixed points. Later Xin-Qi Hu [I2] defined the common fixed
points for maps F': X x X — X and f: X — X. Abbas et al. [2] introduced
the w-compatible pair of maps.

Definition 1.10. Let FF: X x X — X and f: X — X.

(1)(E]). An element (z,y) € X x X is called a coupled fixed point of F'
if F(z,y) =z and F(y,z) =y.

(i) ([I6]). An element (x,y) € X x X is called a common coupled fixed point
of Fand f if F(z,y) = fr =2 and F(y,z) = fy =vy.

(iii) ([12]). A point x € X is called a common fixed polnt of F and f if
F(z,z) =z = fz.

(iv)([2]). F and f are said to be w-compatible if f(F(z,y)) = F(fz, fy)
and f(F(y,x)) = F(fy, fx) whenever fx = F(z,y) and fy = F(y,x)
for all x,y € X.

From now on, CB(X) denotes the set of all non-empty closed
and bounded subsets of X. For A, B € CB(X) and for every ¢t > 0, we write
o0y (A, B,t) = inf{M(a,b,t) :a € A,b € B}.

If A consists of a single point a, we write dpr(A, B,t) = dp(a, B, t). If B
also consists of a single point b, we write dps(A, B,t) = dp(a, b, t) = M(a, b, t).
It follows immediately from the definition that

511(A, B, t) = 60 (B, A, t) > 0,
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0m(A,B,t) =1 <= A= B = {a singleton},
for all A, B € CB(X).

Definition 1.11. A sequence {A,} in CB(X) is said to be convergent to a set
A e CB(X)if lim dp(An, A, t) =1 for all ¢ > 0.
n—oo

Also, one can prove the following:

converging to A

Lemma 1.12. Let {A,} and {B,} be sequences in CB(X)
= 0y (A, B,t) for all

and B in CB(X) respectively. Then li_>m 01 (An, Bn,t)
n o0
t> 0.

In this paper, we give a new definition and utilize the same to prove two
common fixed point theorems for two hybrid pairs of maps in the next section.

2. Main results

Firstly, we give the following definition.

Definition 2.1. Let (X, M, *) be a fuzzy metric space. The hybrid pair of
mappings F : X x X — CB(X) and S : X — X is said to have Common Limit
Range property (in short CLRg) with respect to S if there exist sequences {xz,, }
and {y,} in X such that

lim M(Sz,,Sa,t) =1, lim oy (F(xpn,yn), A, t) =

n—oo n—roo

lim M (Syn,Sb,t) =1, lim 6 (F(yn,xn), B,t) =

n—oo n—oo

for some a,b € X, Sa € A€ CB(X) and Sb € B € CB(X).

Let ¥ be the class of monotonically increasing continuous functions 1) :
[0,1] — [0,1] and @ the class of monotonically increasing continuous functions
¢ :10,1] — [0,1] such that ¢(t) > ¢ for 0 < t < 1.
In what follows, (X, M, %) stands for a fuzzy metric space, F,G : X x X —
CB(X) and S,T : X — X besides

M(Sz,Tu,t), M(Sy,Tv,t),00m(Sz, F(z,y),t),
m(Sy, F(y,x),t), 00 (Tu, G(u,v),t), 5 (Tv, G(v, u),t),
(5M(S$7G(u7v),t),5M(Sy, G(v,u),t),
6M(TU7F('Tay)7t)55M(TU F(y7 ) t)

Now, we are equipped to prove our main result as follows.

Theorem 2.2. Let (X, M, *) be a fuzzy metric space. If F;G : X x X —
CB(X) and S,T : X — X are maps which satisfy the following conditions:

(2.2.1) the pairs (F,S) and (G, T) satisfy (CLRg) property with respect to S and
T respectively,
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(2.2.2) the pairs (F,S) and (G,T) are w-compatible,

(2.2.3) ¥ (0a (F(z,y),G(u,v), 1)) > & (m ¥) + ¢ (m3 Y)

for all x,y,u,v e X, t >0, wherep € ¥, ¢p € .

Then there exists a unique x € X such that F(z,z) = {Sz} = {z} = {Tz} =
G(z,x).

Proof. Since the pairs (F,S) and (G,T) satisfy the (CLRg) property with re-
spect to S and T respectively, therefore there exist sequences {z,}, {yn}, {un}
and {v,} in X such that

lim M(Sz,,Sa,t) =1, lim oy (F(xpn,yn), A, t) =

n—oo n—oo

lim M(Syn,Sb,t) =1, lm dp(F(yn,zn), B,t) =
n— oo n— oo

lim M(Tun,Ta ,t) =1, lim 8y (G(un,vy), P,t) =
n—oo n— o0

and /
nh_)rr;oM(Tvn,Tb 1) =1, nh_)rr;O(SM( (Vn, un), Q,t) =1,
for some a,b,a ,b € X and Sa € A € CB(X), Sbe B e CB(X),
Ta € Pe CB(X),Tb € Q € CB(X).
Suppose 0 < min {0y (A4, P,t),00m (B, Q,t)} < 1 for some ¢ > 0. Consider,

(2.1) O (Oar (F (20, yn), G(tn, 0n), 1)) > 0 (migr: Un) 4 ¢ (migr: Ur)
wherein
M(SmeUn,t),M(Syn,TUm )
(ana (:Enuyn)7t)35M(Syn7 (ymxn) )7
my" Y = min i (Tt Gty V), 8), Ops (T0R, G(Un, un), t),
0

(anv (Un7vn)7t)7 M(Syna (U’fhun)?t))
(Tuvu (znayn)7t)?5M(TU7L7F(yn7xn) t)

and

M(Sa,Ta ,t), M(Sb, T ,t),1,1,1,1,
lim mZ~ ¥ = min 5M(Sa P,t), 55 (Sh, Q t),

r—oo U Un Sar(Ta', A t), 60 (TV , B, t)
Z InlIl{(SM(A P t) 5M( Qvt)}

On letting n — oo in (2.1)), we get
. (A . o (A
¥ (0p (A, P t)) > (mln{ 51523’,2,?), }) + ¢ (mln{ 511\\/14((3’,8,%’ })

Similarly, we can also show that

meQﬁPme{%%b%}%w@m{%gg%})
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Thus, in all we have
. 6 (A7Pat)7 : 6 (
P (mln{ 6%(3,@,75) }) > (mln{ (5]\1\j(

which in turn yields that

0> ¢ (min{ dn (A, P,t),8 ( ,
>min{ dx(A, P,t),6m(B,Q,

a contradiction. Hence for all t > 0, we have
min {67 (A, P,t),0p(B,Q,t)} =

so that A = P = {a singleton} and B = Q = {a singleton}.
Since Sa € A and Sb € B we have

A=P={Sa} ={Td"}
B=Q={Sb} ={Tb}

Now suppose that 0 < M (Sa, Sb,t) < 1 for some ¢t > 0.
Consider

(2:3) O (P ), Gl ), 1)) = 0 (it 37) + 6 (m 37)

M (Syp, Tun,
(Syna (yna xn)a
S (

(2.2)

t), M(Sxp, Tvp,t),
))76M(an7 (xnayn)v )7
)

Yn, Tn _
my® = min

t t
Tu'rm (unavn)yt a6M(TUn7 (UTHU'N,)?t)a
S0 (SYns G(tn, vn), 1), 00 (ST, G(Un, Un ), t),
M (T F(Yny )5 1), s (T, F (@0, Y ) )

M(Sb,Td ,t), M(Sa, TV ,t),1,1,1,1,

—min{ On (S, Pyt),dn(Sa, Q,t), }

Sa(Ta', A t), 60 (TY , B, t)
= M(Sb, Sa,t), from
Letting n — oo in , we get
P(M(Sb, Sa,t)) > (M (Sb, Sa,t)) + ¢(M (Sb, Sa,t))

0 > ¢(M(Sb, Sa,t)) > M(Sb, Sa,t).
It is a contradiction. Hence M (Sa, Sb,t) =1 for all ¢ > 0 so that Sa = Sb.
Thus

lim my" e
n—oo

(2.4) Ta = Sa=Sb=Tb

Suppose that 0 < min {0 (F(a,b), Sa,t),dp (F(b,a),Sb,t)} < 1 for some
t> 0.
Consider,

(2.5) ¥ (61 (F(a,b), G(un,v0), 1) =9 (m& * )+ (m °,))
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wherein
M(Sa,Tuy,,t), M(Sb, Tv,,t),
dnr(Sa, F(a,b),t),00(Sb, F(b,a),t),
mi’nf’vn =ming dpr (T, G(tn,v,),t), 00 (T0n, G(Un, up), t),
Ori(Sa, Gy, vy,),t), 00 (Sb, G(vp, un), t),
(SM(TUn, ( a, )7 )a6M(TUn7 ( ) t)
and

M(Sa,Ta',t), M(Sb,Th',t),8r(Sa, F(a,b),t),
ab 5p1(Sb, F(b,a),t), 00 (Ta , P,t), 80 (TH, Q. 1),
Ay, = min 5a1(Sa, P,t), 21(Sh, Q, 1),
Sa(Ta', F(a,b),t), 00 (T, F(b,a),t)
1,1,5M(Sa,F(a,b), ) 5M(Sb F(b a) ),1,1,1,1,
S (Sa, F(a,b),t),00(Sb, F(b,a),t) }
= min {0y (Sa, F(a,b),t),dp (Sb, F(b,a),t)}

Letting n — oo in (2.5), we get

Y

min

¥ (5p1(Sa, F(a,b), 1)) >1/J(min{ Su (S Flw )0, )
b

o (o { GG )

R A
ol LY )

Similarly we can show that

Thus, we have

which in turn yields that

o 2o(mn{ G Hg )2l e roas |

a contradiction. Hence for every ¢ > 0, we have
min{ 0pr(Sa, F(a,b),t),op (S, F(b,a),t) } =1
so that

(2.6) F(a,b) ={Sa} and F(b,a)={Sb}.
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Similarly by taking © = z,, Yy = yYn, u = d,v=">b and x = Yny, Y = Ty U = bl,
v =a in (2.2.3) and letting n — oo, we can show that

(2.7) Ga ,b)={Ta'} and G ,d)={Tb}.

Let = Sa. Then from (2.4), Sa = Sb=Ta =Tb = x.
Since (F, S) and (G,T) are w-compatible, from (2.6) and (2.7)), it follows that

(2.8) Sz = SSa = SF(a,b) = F(Sa, Sb) = F(z, ).
and
(2.9) Te =TTa=TG(d,b)=G(Td,Th) = G(z,z).

Suppose 0 < M (Sz,z,t) < 1 for some t > 0.
Consider

(M (Sz,z,t)) = w(M(F(x,x),G(a , ,t ) from ) and ( .,

’

b
= (6 (F(z,2),G(d’, b ,t), since F(w{ x) {Sw}/ and
Gla" V) = {Ta'} = {a}
ooy o(on)

M(Sz,Ta',t), M(Sz,Tb ,t),

On(Sz, F(x,),t), 60 (S, Flx, @ , 1),

m?; %, =min Sp(Ta',G(a',b'), 1), 60 (T ,G( a/) t)
’ S (S, G(a’ b)), 1), 00 (Sz, G(b',a), t),
op(Ta' F(x,x),t), 00 (T, F(x,2),t)

. M(Sz,z,t), M(Sz,z,t),1,1,1,1, M(Sz, z, 1),
= tn M(Sz,z,t), M(x, Sz, t), M(z, Sx,t)
= M(Sz,z,t).

Thus
Y(M(Sz,x,t)) > p(M(Sz,z,t)) + ¢(M(Sz, z,t)).
0> ¢p(M(Sz,z,t)) > M(Sz,x,t),

a contradiction. Hence M (Sz,z,t) = 1 for every t > 0 so that Sz = z.
Similarly we can show that Tx = z. Thus from and . we have

F(z,z) = {Sz} ={a} = {Tz} = G(z,x).

Hence (z,x) is a common coupled fixed point of F,G,S and T.
Uniqueness of = follows easily from (2.2.3). O

One can prove the following along the similar lines as Theorem

Theorem 2.3. Let (X, M, x) be a fuzzy metric space. If F,G : X x X —
CB(X) and S,T : X — X are maps which satisfy the following conditions:

(2.3.1) the pairs (F,S) and (G, T) satisfy (CLRg) property with respect to S and
T respectively,
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(2.3.2) the pairs (F,S) and (G,T) are w-compatible,

(2.3.3)  dm(F(x,y),G(u,v), kt) >mi Y for all x,y,u,v € X,
t >0, where k € (0,1) and tli)m M(z,y,t) =1 for all z,y € X.

Then there exists a unique © € X such that F(x,z) = {Sz} = {«} = {Ta} =
G(z,x).
Theorem 2.4. Let (X, M, x) be a fuzzy metric space, F,G : X x X — X and
S, T: X — X be mappings satisfying
(2.4.1) the pairs (F,S) and (G, T) satisfy (CLRg) property with respect to S and
T respectively,
(2.4.2) the pairs (F,S) and (G,T) are w-compatible,

(2.4.3) M(F(z,y),G(u,v),kt) > my Y
for all z,y,u,v € X, t >0, where k € (0,1) and

(2.4.4) tllm M(z,y,t) =1 for all z,y € X.

Then there exists © € X such that F(z,z) = Sx =2 =Tz = G(x, x).
Now, we give two examples to illustrate Theorem

Example 2.5. Let X =[0,1] and a* b = ab for all a,b € [0,1] and let M be
the fuzzy set on X x X x (0,00) defined by

_lz—y]

M(z,y,t) =e

for all ¢ > 0. Then (X, M, *) is a fuzzy metric space.
Define F,G: X x X - X and 5,7 : X — X by F(z,y) = Z¥,

G(r,y) = g%y,Sx =3 and Tz = 7. Then

|2 — ko) = Lo —u + 2y — vf < Fmax{25 Butly - Now,

=l
M(F(z,y),G(u,v), §t) =e 2=
%max{%y@}
e %
ax{ [2z—ul [2y—v|
:MX{ i = }
[2z —u| |2y —v|
D{B_T,B_T
n

{M(Sz,Tu,t), M(Sy,Tv,t)}
y.

v

Y

mi
i

1

vVl

m

xv
u)
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Also (F,S) and (G, T) satisfy (CLRg) property with respect to S and T respec-
tively with sequences {x,,} = {ﬁ}, {yn} = {2}, {un} = {5} and {v,,} = {1}
respectively. Clearly, the pairs (F,S) and (G,T) are w-compatible. Clearly
(0,0) is the unique common fixed point of F,G, S and T.

Example 2.6. Let X =[0,1] and a *b = ab for all a,b € [0,1] and let M be
the fuzzy set on X x X x (0,00) defined by

t ‘x_yl
M(z,y,t) = (Hl)

for all t > 0. Then (X, M, *) is a fuzzy metric space.
Define F,G: X x X — X and S,T: X — X by F(z,y) = “52,

G(.L“,y) = zlJ%y’Sx = ﬁ and Tx = %

t 2
We have ;Ll > (ﬁ) for all t > 0.Now,

2?4y?  utov
16 16

M(F(z,y),G(u,v), 5t) = (;H)

2

P —u+y —v
t
Z (m)
[2-u]ts? ]
¢
> (+)
| fz— yu|+lfy gv|
_ (¢
= ()
¢ \maxtlfz—gul,lfy—gvl}
> ()
| fr—gul [fy—gv]
zmin) (7)) ()
= min {M(fx, gu,t), M(fy,gv,t)}
2 mﬁ’%'

Also (F, S) and (G, T) satisfy (CLRg) property with respect to S and T respec-
tively with sequences {z,} = {ﬁ}, {yn} = {1} {un} = {5} and {v,,} = {1}
respectively. Clearly, the pairs (F,S) and (G,T) are w-compatible. Clearly
(0,0) is the unique common fixed point of F,G,S and T.

Remark 2.7. Recently, Sumitra et al. [25] proved a unique coupled common

fixed point theorem for four self mappings (see Theorem [3.2]of [25]). Inherently

they used the condition tlim M(z,y,t) = 1 for all ,y € X in the proof of
— 00

Theorem Moreover, the condition a * b > ab,Va,b € [0,1] is redundant.
Our Theorem [2.3] with H-type t-norm is a generalization and extension of

Theorem [3.2) of [25].
Theorem 2.8. Let (X, M, x) be a fuzzy metric space. If F,G : X x X —
CB(X) and S,T : X — X are maps which satisfy the following conditions:

(2.8.1) the pairs (F,S) and (G, T) satisfy (CLRg) property with respect to S and
T respectively,
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(2.8.2) the pairs (F,S) and (G,T) are w-compatible,

(283)  Gai(F(,0), Glu,v).0) > o(m3t) for all z,y,u,v € X,
t > 0, where ¢ : [ 1] — [0, ] is continuous, monotonically increasing
and¢()>tfor0<t<1

Then there exists a unique x € X such that F(x,z) = {Sz} = {z} = {Tz} =
G(z,x).

Finally we prove the following.

Theorem 2.9. Let (X, M, x) be a fuzzy metric space. If F,G : X x X —
CB(X) and S,T : X — X are maps which satisfy the following conditions:

(2.9.1)(a) the pair (F,S) satisfies (CLRg) property with respect to S and F(X x X C
T(X),

or

(2.9.1)(b) the pair (G,T) satisfies (CLRg) property with respect to T and G(X X
X) € 5(X),

(2.9.2) the pairs (F,S) and (G,T) are w-compatible,

(2.9.3) % (627 (F(, ), G(u,0),8) > 6 (m 1) + 6 (m ¥)
for all x,y,u,v € X, t >0, whereyp € ¥, ¢p € O.

Then there exists a unique x € X such that F(z,z) = {Sz} = {z} = {Tz} =
G(z,x).

Proof. Suppose (2.9.1)(a) holds.
Then there exist sequences {x,}, {y,} in X such that

lim M(Sz,,Sa,t) =1, lm op(F(zn,yn), A1) =

n— 00 n—oo

lim M(Syn,Sb,t) =1, lim dp(F(yn,xn), B, t) =1

n— oo n—oo

for some a,b € X and Sa € A€ CB(X), Sbe B € CB(X).
Since F(z,,yn) C F(X x X) CT(X), there exist a, € F(xp,yn) and u,, € X
such that «,, = T'u,, for all n.
Also M(Tuy, Sa,t) = M(an, Sa,t) > 0y (F(zn, yn), A, t) = 1 as n — oo.
Hence li_>m M(Tuy, Sa,t) = 1.
Similarly there exists v, € X such that lim M (Twv,, Sb,t) =
n— oo

Let lim G(up,v,) =P and lim G(vn,un) = Q.

n— o0 n—oo
Suppose 0 < min{dp (A, P,t), 50 (B, Q,t)} < 1 for some ¢ > 0.
Consider

(2.10) Y (001 (F (s Yn), G, vn), 1)) > 9 (mim ) 4 ¢ (mim Um)
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M(Szy, Tun,,

t), (SynaTUm )7
(any (xnayn)7t
O ( t
t

)

)36 (Syn7 (yruxn)vt)
Tun, (Un,'l}n), ),(5M(T1)n, (Unvun)vt)a
(ana (unﬂ)n)a )7§M(Synv (vnvun)vt)a
o ( t)
(

)

Tn, Yn —
mun Un, = min

Tup, F (-Tnvyn) a(SM(T'UnvF(ynvxn) t)
:min{ 1,1,1,1,85(Sa, P, t), 5M(Sb Q t), }

lim mg» Y»
n—00 Un

0r(Sa, P t), 0 (Sh,Q,t), 1
2 min{(;M(Aapat)vaM(BaQ7 )}

Letting n — oo in (2.10), we get

b (51 (A, P,1)) > (m{ O gt : })
+¢ (min { M(
S (
Similarly we can show that

0 (3, Q) = v (min{ P07

,Q
o (min{ Ol £01)

o
=2
N———

Thus we have

which in turn yields that
0 > ¢(min{dp (A, Pt),on(B,Q,t)}) > min {0 (A, P,t),00(B,Q,t)}.
It is a contradiction. Hence for all ¢ > 0, we have
min {dy (4, P, t),0m(B,Q,t)} = 1.

Hence A = P = {a singleton} and B = Q = {a singleton}.
Since Sa € A and Sb € B we have A = P = {Sa} and B = Q = {Sb}.
Thus lim G(up,v,) = {Sa} and lim G(v,,u,) = {Sb}.
n—oo n—oQ
Now by taking x = x,,, ¥ = yYn, u = vy, v = u,, in (2.9.3) and letting n — oo,
we can show that

(2.11) Sa = Sb.

Taking x = a, y =b, u = tUp, v =v, and x = b, y = a, 4 = vy, V = Uy in
(2.9.3) and letting n — oo, we can show that F(a,b) = {Sa} and
F(b,a) = {Sb}.
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Since {Sa} = F(a,b) C F(X x X) C T(X), there exists a € X such that
Sa=Td' .

Since {Sb} = F(b,a) C F(X x X) C T(X), there exists b € X such that
Sb="Tb'.

From , we have Ta' = Sa=Sb=Tb'.
Nowtaking:c:xn,y:yn,u:a/,v:b' andx:yn,y:xn,u:bl,
v =a in (2.9.3) and letting n — oo, we can show that G(a',b') = {Td'} and
GV ,d') ={TV'}.

The rest of proof follows as in Theorem

Similarly we can prove Theorem [2.9]if (2.9.1)(b) holds. O

3. An Application

As an application of Theorem we prove a theorem on the existence
and uniqueness of the solution of a Fredholm nonlinear integral equation. To
accomplish this purpose, we consider the following integral equation:

b
(31 a(p) = / (K1 (p. q) + Ko, @) [ (0, 2(@)) + (¢, 2(a))] da + h(p),

a

forallpe I =a, b], K1, Ko € C(I xI, R) and h € C(I, R).

Let © be the set of all functions § : RT™ — R" satisfying the following

conditions:
(ig) 0 is non-decreasing,

(iig) 0(p) < p.

We also require the functions K, Ko, f, and ¢ to satisfy the following
conditions:
Assumption (3.1)

(1) Ki(p,q) > 0 and Ka(p,q) <0 for all p,q € I,

(i7) there exist positive numbers A, p and 6 € © such that for all x, y € C(I,
R) with « > y, the following conditions hold:

(3.2) 0< f(g.2) — f(g,y) < N(z —y) — pb(z —y)
(3.3) M(z —y) — pb(r —y) < g(q,7) — g(q,y) <0,
(idd)
p 1
(3.4 max( i} sup [ (K (.0) = Kalp.a)ldg < .

a

Now, we are equipped to prove the following theorem:
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Theorem 3.1. Consider the integral equation (3.1) with K1, Ko € C(I x I,

R) and h € C(I, R). If all the conditions embodied in the Assumption (3.1
are satisfied, then the integral equation (3.1) has a unique solution in C(I, R).

Proof. Tt is well known that X = C(I, R) is a complete metric space with
respect to the sup metric

d(z,y) = sup lz(p) — y(p)| -

Tt is straightforward to check that (X, M, *) is a fuzzy metric space if we define

d(z,y)

M(z,y,t)=e" "t ,forall z,y € C(I,R) and t > 0,

wherein * is defined by x xy = zy (for all z, y € I). Now, define a mapping
F:XxX—Xby

b
Flz,y)(p) = / K2 (0 0)f (4> 2(a)) + 9(a,5()))da

+ / Ks(p, 0) [ (,9(0)) + 9(a> 2(a))}dg + h(p),

a

for all p € I. On using (3.2)) and (3.3), we have (for z, y, u, v € X)
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(35  Flz,y)(p) — F(u,v)(p)
b

- / Ky (p, q) £ (g, 2(0)) + 9, 9(q))] dg

a
b

+ / Ka(p,q) [F (0, 4(9)) + 9(a, 2(9))] dg

a
b

— / Ki(p,q) [f(g,u(q)) + 9(q,v(q))] dg

a
b

- / Ks(p, 0) [f (0, 0(a)) + g(q, u())] da

IN
=
—
3
Q
~
>
)
=
Q
~
|
<
—
Q
~
~
_"_
=
>
—
<
—~
|
<
—~
)
N
QU
S

As the function 6 is non-decreasing, we have

6 (a(q) —ulg) < e(sup|x<q>—u<q>|):o<d<z,u>>,

qel
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Appealing to (3.5)) and making use of the fact that Ks(p, ¢) < 0, we obtain

|F (2, y)(p) — F(u,v)(p)|

b
< / K1 (p, q) MO(d(, w) + pb(d(y, v))] dg
’ b
_ / Ka(p, q) M(d(y, v)) + ud(d(z, u))] da,
<

b

/K1 (p, q) [max{X, p}0(d(x,u)) + max{\, u}6(d(y,v))] dg

’ b

—/Kz(p, q) [max{\, u}0(d(y,v)) + max{A, u}0(d(z,u))] dg.

Now, taking the supremum with respect to p and making use of (3.4), we get

(3:6)  d(F(z,y), F(u,v))
b

max{\, p1} ?}3/ (K1(p, q) = Ka(p, q)) dg. [0(d(z,w)) + 6(d(y, v))]

IN

a

0(d(z,w)) + 0(d(y, v))
. :

IA

Since # is non-decreasing, we have

O(d(x,u)) < 0 (max{d(z,u),d(y,v)}),
0(d(y,v)) < O(max{d(z,u),d(y,v)}),

which implies (due to (iig)) that

0(d(z,u)) +6(d(y, v))

5 < 0 (max{d(z,u),d(y,v)})
< max{d(z,u),d(y,v)},
so that (owing to (3.6), we have
(37) A(F(2,9), Fu,v)) < 3 max {d(z, ), dly, v)}

First online - November 26, 2015. Draft version - July 21, 2017



First online - November 26, 2015. Draft version - July 21, 2017

Hybrid coupled fixed point theorems for maps... 17

Now, on making use of (3.7)),it follows that

M(P(2, ), Fu,0), 5)

_d(F(m,y)f,F('u,,'u))
2
= e
% max{d(z,u),d(y,v)}
-z meddle ) dvv))
> e :
_ max{d(z,u),d(y,v)}
= e t
. )
> min<e , € T
= min{M(Sz,Tu,t), M(Sy,Tv,t)}
x,y
> mu,v'

Thus the involved contractive condition of Theorem 2.4 is satisfied if we set
F =G and Sz = Tz = x, Also, it is straight forward to notice that all the
hypotheses of Theorem [2.4] are satisfied and henceforth F' has a coupled fixed
point (z,x) € X2 which also remains the solution of the integral equation

B1). 0
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