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INEXTENSIBLE FLOWS OF PARTIALLY NULL AND
PSEUDO NULL CURVES IN SEMI-EUCLIDEAN
4-SPACE WITH INDEX 2

Ali Ugum?, Hatice Altin Erdem? and Kazim Ilarslan®

Abstract. In this paper, we consider the inextensible flows in semi-
Euclidean 4-space with index 2 (E3). We give the necessary and sufficient
conditions for the flow to be inextensible and we find the evolution equa-
tions for the inextensible flows in semi-Euclidean 4-space with index 2

(E3).
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1. Introduction

The time evolution of a curve or surface is generated by its corresponding
flow in E3. For this reason we shall also refer to curve and surface evolutions as
flows throughout this article. Flow is said to be inextensible if, in the former
case, its arclength is preserved, and in the latter case, if its intrinsic curvature is
preserved. Physically, inextensible curve and surface flows give rise to motions
in which no strain energy is induced. The swinging motion of a cord of fixed
length, for example, or of a piece of paper carried by the wind, can be described
by inextensible curve and surface flows. Such motions arise quite naturally in a
wide range of physical applications. For example, both Chirikjian and Burdick
[@] and Mochiyama et al. [I5] study the shape control of hyper-redundant, or
snake-like, robots. Inextensible curve and surface flows also arise in the context
of many problems in computer vision [[0] and [4] and computer animation [G],
and even structural mechanics [I9].

Inextensible flows are studied in Euclidean 3-space by Korpinar in [I2].
In addition, many researchers have studied on inextensible flows such as [§],
[T], T3], [@] and [[]. In @] and [T3], the authors studied inextensible flows in
Minkowski space-time Ef. By drawing inspiration from them, in this paper,
we consider the inextensible flows in semi-Euclidean 4-space with index 2 (E3).
We give the necessary and sufficient conditions for the flow to be inextensible
and we find the evolution equations for the inextensible flows in semi-Euclidean
4-space with index 2 (E3).

IKirikkale University, Faculty of Sciences and Arts, Department of Mathematics,
Kirikkale-Turkey, e-mail: allucumU5@gmail.com

2Kirikkale University, Faculty of Sciences and Arts, Department of Mathematics,
Kirikkale-Turkey, e-mail: hatice_altin@yahoo.com

3Kirikkale University, Faculty of Sciences and Arts, Department of Mathematics,
Kirikkale-Turkey, e-mail: kilarslan@yahoo.com


mailto:aliucum05@gmail.com
mailto:hatice_altin@yahoo.com
mailto:kilarslan@yahoo.com

116 Ali Ugum, Hatice Altin Erdem and Kazim Ilarslan

2. Preliminaries

The semi-Euclidean 4-space with index 2 (E3) is the Euclidean 4-space E*
equipped with indefinite flat metric given by

g = —da? — dak + da? + da?,

where (21, 79,73, 74) is a rectangular coordinate system of E3. Recall that a
vector v € E3\{0} can be spacelike if g(v,v) > 0, timelike if g(v,v) < 0 and
null (lightlike) if g(v,v) = 0. In particular, the vector v = 0 is said to be
lightlike. The norm of a vector v is given by ||v|| = v/|g(v,v)|. Two vectors v
and w are said to be orthogonal, if g(v,w) = 0. An arbitrary curve a(s) in E3,
can locally be spacelike, timelike or null (lightlike), if all its velocity vectors
o/(s) are respectively spacelike, timelike or null ([16]). Recall that a non-null
curve in [Ej is called pseudo null curve or partially null curve, if respectively its
principal normal vector is null or its first binormal vector is null ([8]).

A null curve « is parameterized by pseudo-arc s if g(a’(s),a”(s)) = 1
([2]). On the other hand, a non-null curve « is parametrized by the arclength
parameter s if g(a/(s),a/(s)) = £1.

Let {T, N, By, By} be the moving Frenet frame along a curve « in E3, con-
sisting of the tangent, the principal normal, the first binormal and the second
binormal vector field respectively.

If o is a non-null curve whose Frenet frame {T', N, B1, By} contains only
non-null vector fields, the Frenet equations are given by ([9])

T/ 0 €K1 0 0 T

(2 1) N/ _ —€1K1 0 €3K2 0 N
' Bi 0 —€gK2 0 €1€2€3K3 Bl ’

Bé 0 0 —€zk3 0 Bg

where g(T,T) = €1, g(N,N) = €2, g(B1, B1) = €3, (B2, B2) = €4, €162€364 = 1,
e; € {—1,1}, 4 € {1,2,3,4}. In particular, the following conditions hold:

g(T,N) = g(T, B1) = g(T, Bz) = g(N, B1) = g(N, Ba2) = g(Bi1, Bz) = 0.

If o is a pseudo null curve, the Frenet formulas read ([T7])

T 0 K1 0 0 T

N’ 0 0 K2 0 N
(22) Bi o 0 K3 0 —€2R2 Bl ’

Bé —€1K1 0 —€gK3 0 BQ

where the first curvature x1(s) = 0, if « is straight line, or k1(s) = 1 in all
other cases. Then, the following conditions are satisfied:

g(T,T) =€, g(B1,B1) = €2, g(N,N)=g(Bz,B2) =0,

g(T,N) = g(T, B1) = g(T, B2) = g(N, B1) = g(B1, Ba) = 0,
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g(N, BQ) = ]., €1€g = —1.

If v is a Cartan null curve, the Frenet formulas read ([6],[I¥])

T 0 K1 0 0 T

N/ o —€1K2 0 —€1K1 0 N
(23) Bi o 0 K2 0 K3 Bl ’

Bé —€gK3 0 0 0 BQ

where the first curvature x1(s) = 0, if « is straight line, or k1(s) = 1 in all
other cases. Then, the following conditions are satisfied:

g(N,N) =e1, g(B2, B2) = €2, g(T,T) = g(B1,B1) =0,
g(Ta N) = g(Ta BQ) = g(Na Bl) = g(N7B2) = 9(31,32) = 07
g(T, Bl) = ]., €1€2 = —1.

If « is a partially null curve, the Frenet formulas read ([I7])

T 0 K1 0 0 T

NI o K1 0 Ko 0 N
(2.4) Bl o 0 s o0 B |

B 0 —eky 0 —ks By

where the third curvature x3(s) = 0 for each s. Moreover, the following condi-
tions hold:

g(I\T) =€, 9(N,N) =€, g(By1,B1)=g(B2,B3) =0,

9(T,N) = g(T, B2) = g(T, B1) = g(N, B1) = g(N, By) = 0,
g(BlaBQ) = 17 €1€2 = -1

3. Inextensible flows of partially null and pseudo null
curves in Ej

In this paper, we assume that v : [0,] x [0,w] — E2 is a one parameter
family of smooth partially null or pseudo null curves in the semi-Euclidean 4-
space with index 2, where [ is arclength of the initial curve. Let u be the curve
parametrization variable, 0 < u <[. The arclength of « is given by

oy
= — || du.
s (u) /o 5t H u
The operator % is given in terms of u by
9 _10
ds v ou

where v = H %H The arclength parameter is ds = vdu.
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Definition 3.1. Let v be a partially null or pseudo null curve with the Frenet
frame {T, N, By, B2} in the semi-Euclidean space with index 2. Any flow of
the partially null or pseudo null curves can be given as follows

0
(3.1) 87: = BT + BN + B3B1 + B4 5o

where §; (1 <i < 4) is a C*®-function.

Let the arclength parameter be

s(u,t):/ vdu.
0

In E3, the requirement that the partially null or pseudo null curves are not
subjected to any elongation or compression can be expressed by the condition

—sut /—du-O

Definition 3.2. Let v be a partially null or pseudo null curve in Ej. A
partially null or pseudo null curve evolution 7 (u,t) and its flow 2 Bt are said to
be inextensible if

o ||0v
(3.2) 2 Hau

where u € [0,1].

3.1. Inextensible flows of partially null curves in E}

In this section, we consider inextensible flows of partially null curves in E3.

Lemma 3.3. Let %—Z = 01T+ Pa N+ B3 B1+B4B2 be a smooth flow of a partially
null curve v with k3 = 0 in B3. If the flow is inextensible, then

(33) % =& (aaﬂl + ,BQ'Ukl) .

Proof. Assume that % is a smooth flow of a partially null curve v with k3 =0
in E3. By using the definition of v, we get

oy Ov
2 _
(3.4) vi=g <8u 8u>
Differentiating (B4) with resprect to ¢, we have

ou_ 0 (0 ) _, (0 0 (0
(3:5) 258 = oY (au’ 8u> =29 <au’ du (at>>

which leads to the following

v _ (9 O (Ov
(36) Yo — Y <au’ du (a::)) '



Inextensible flows of partially null and pseudo null curves 119
Substituting (8d) in (8M), we find

o _ (87 9

(3.7) U@t 5’ Bu

(61T + B2N + B3 By + 54Bz)>

which implies that

(38) % = g (T (aaﬂ + ﬁQU]ﬁ) <ﬁ1’0k‘1 + % — 64’062]62) N

<ﬁ2vk2 + 8ﬂ3> B1 + <865;) BQ)

From (B3), we obtain

(3.9) % =¢ (%ﬁl + ﬁzvkl)

which completes the proof. O

Theorem 3.4. Let % = BT + BoN + B3B1 + B4B2 be a smooth flow of a
partially null curve v with k3 = 0 in E3. Then the flow is inextensible if and

only if

(3.10) % = —[Bavk;.

Proof. Let + be inextensible. From (B2), we have

(3.11) s(u, t) / —du =0
Substituting (833) in (BI), we obtain

0
(3.12) % — —Bouks.

O

We now restrict ourselves to arc length parametrized curves. That is, v =1
and the local coordinate u corresponds to the curve arclength s. Then, we have
the following lemma.

Lemma 3.5. Let ?’TZ = BT + BoN + B3B1 + B4Bo be a smooth inextensible
flow of a partially null curve v with k3 = 0 in E3. Then we have the following

oT 008, 0

e <51k1 + ; - 54€2k2) <52k2 + aﬂ?’) By + %Bz,
ON 00Bs
Bt <51k1 + 8£ - 5254k2) T + By + Y1 By,
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0B, 0Pa

W — —5187T — nglN —+ ¢3Bl,
0B 0
BitQ = (52762 + aﬂ?’> T —eapaN — 3 Bs

where1/}1:g(%,31),¢2:9(% )andwg—g(at, )

Proof. Let % = 01T + B2 N + B3B1 + $4B> be a smooth inextensible flow of a
partially null curve v with x3 = 0 in E5. Then

T 00y 00y 0
(3.13) = L= -5t = 5o (BT + 52N + BBy + BuBy)

9t Otds Odsot 0
which brings about

(3.14) 86% = (51161 + % - 5452192) (ngz + %53> B + 86643

From (Bd), we obtain
o - Bama(S) 1o (n2)
~ (s 2 ) g (r2Y),
0 = ;Q(TvBl):9< ) g(T,aaBtl>
() (e
%g (T,B2) =g (%;F,Bz) +yg (T, aff)
(e ) er(r )

9 (Y 9B,
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which implies that

ON 052

i (51k1 + ; - 3452762) T + ¥2B1 + 91 Bs,

0B 0

W = PN B,

0B 0

67152 = —& (52792 + aﬁ3> T —eapoN — 3 Bo
where ¢ =g ( e 7Bl), Py = g( o ,Bg) and Y3 = g( T ) This completes
the proof. O

Theorem 3.6. Let %’Z = 1T + BoN + B3By + 4Bs be a smooth inextensible
flow of a partially null curve v with k3 = 0 in E3. Then the following partial
differential equation holds:

ok 0 0 0
aitl [ 8522 (51k1) — 2y (54762) — &2k 86:] :
Proof. From lemma B3, we get
0 oT 0B
0t (/51k1 + aﬁ - 3452762) T

+

2
(8 52 317@1) 95 (347@2)) eaka aa%) N

(
+ (k (ﬂﬂﬁ + = - 54€2k2) %523 (521472))
( ) By,

On the other hand,

oor 0 Ok 8N 084
%os — 7 (k1N) = a—N +k1—— BN <5lk1 + 95 /3452/€2>
0k,
+67N + k12 B1 + k1v1 Ba.
From equality of the coefficients of N in above equalities, we get
Okq 52 084
2 = | 52 (ﬁllﬁ) s (ﬁ4/€2) eako—— 98 } .

O

Corollary 3.7. In theorem B, from equality of the coefficients of By and Bs
respectively, we obtain

0pa 0
k1Yo = ko of + kikaB1 — e2k3 By + 6623 (ﬁzk‘Q)
82 0
eyt = 34 o, 9Bs

2 Mg
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Theorem 3.8. Let % = 1T + BoN + B3B1 + 4Bo be a smooth inextensible
flow of a partially null curve v with k3 = 0 in E3. Then the following partial
differential equation holds:

8/4;1 k 664 82ﬂ2

0 0
o ke =55 +$(ﬁ1k‘1)—52£(ﬁ4k‘2)-

Proof. From lemma B3, we get

0 ON 0% Bs 0 0
Goo = (g k) e (i) T
0B
+ D5 + Bik1 — Bagaka | ki — eakotpr | N
0 0
+%Bl + <;;1 - ¢1k3) Bs.
On the other hand,
0 ON ok 0 0
EE = (atl — 51]{528684> T+ <k‘18ﬁ; + ﬁlk% — ﬁ4€2k‘1k‘2 — EQk‘g’l/)l) N
ok 0 0
(22 1,955 4 kB + kot ) By + (1 220 B
ot Os 0s

From equality of the coefficients of T in above equalities, we get

Ok 0B P O
ot s T s T bs

(Bikr) — 52% (Baks) .

O

Corollary 3.9. In Theorem Z8, from the equality of the coefficients of By and
Bs respectively, we obtain

Oy Oks 083

s = E—Fklg—’_kleﬁQ—’_kaL’”
05 _ o _
Mo T Tas T Mvn

Theorem 3.10. Let %Z = 01T + BoN + 3By + B4 B2 be a smooth inextensible
flow of a partially null curve vy with k3 = 0 in E3. Then the following differential

equation holds:
O (1B _, 9B
0s \ky 0s2 ) "t os

Proof. From lemma B3, we get

8 0B, 028, Oy 3P4
o ot (ﬁl&z‘@%h T\ Tahigy |V
O

+ (—521/11]62 + > B;.
Os
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On the other hand, 2 8581 = 0. Thus, we have

) Ot 9
1 0B,
P o= EW’
W _ B
os Y os’
0
% = €2k21/)1

which implies that

o (1%, _, 06
ds \ k; 08s2 ) 10s

O
Theorem 3.11. Let % = 01T + BoN + B3B1 + B4 B2 be a smooth inextensible

flow of a partially null curve vy with k3 = 0 inE3. Then the following differential
equation holds:

9] o2 0
—62162% — eakikofy + k5 Bs = _61$ —f1g. (Brks) — eak1pa.
Proof. From lemma B3, we get
0 (932 82ﬂ3 0
s ot (—81882 ey (Brks) — eak1pe | T
0 0
+ | —e1k ﬁ + koo | — Egﬂ + P3eoksy | N
0s Js
0
—e2koe By — (5/]3 - k3¢3) By
s
On the other hand,
0 0B op ok
aaij = (—82]{12682 —62k‘1k‘2,81 —l—k‘%ﬁ;;)T—Ega:N

—&2katha By — e2kath1 Bo.
From the equality of the coefficients of T' in above equalities, we get

0 0?2 0
—Ezkzﬁ — eokikafy + k364 = —e1 85523 a1y, (Bika) — e2k1)2.

Os

O

Corollary 3.12. In Theorem BIA, from the equality of the coefficients of N
and By respectively, we obtain

ok 7] 0
—8—; = klg—i—/ﬂkzﬁz—%"‘kﬂ/’&
0
—52k2¢1 = —477[]3 + k:ﬂl)s'

Os
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3.2. Inextensible flows of pseudo null curves in Ej

In this section, we consider inextensible flows of pseudo null curves in Ej.
Since the proofs of the following theorems are similiar to previous proofs, we
omit some of those proofs.

Lemma 3.13. Let %’Z = 01T + PoN + B3B1 + B4Bs be a smooth flow of a
pseudo null curve v with k1 = 1 in E3. If the flow is inextensible, then

v 9p:
(315) E = % - 61’064,

Theorem 3.14. Let %Z = BT + BaN + B3B1 + B4Bs be a smooth flow of a
pseudo null curve v with k1 = 1 in E3. Then the flow is inextensible if and

only if

0
% = Byvey.

Proof. Let + be inextensible. From (B2), we have

(3.16) —s u,t) / —du =0.

Substituting (813) in (BIH), we obtain

0
% _ Baver.

ou
]

We now restrict ourselves to arc length parametrized curves. That is, v = 1
and the local coordinate u corresponds to the curve arclength s. In this case
we have the following lemma.

Lemma 3.15. Let %’ty = 1T + BN + B3B1 + B4B2 be a smooth inextensible
flow of a pseudo null curve v with k1 = 1 in E3. Then we have the following

or (o 0
OT_ (05 + Bsks + p1 | N+| Baka + 9 _ ea2ksfBas | Bi+ % _ e2kaf33 | Bo,
ot \ ds 0s s

ON

2 = (53k2+€1 aﬂ4>T+1/)2N+52¢131,

0B 0
OBy _ (ks + 2% _ Breaky ) T+ 0N — vy B,
ot 0s

0B 0
37152 = —£ (862 + Bsks + 61) — 213 B1 — P2 By

where ¢1=9(%731)7 wQZQ(%t7 ) a/nd,(/]?)_g( ot 7B2)
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Theorem 3.16. Let % = 01T + BoN + 3By + B4 B2 be a smooth inextensible
flow of a pseudo null curve v with k1, = 1 in E3. Then the following partial
differential equation holds:

(3.17) (63]62 +e1 8@64) =& (8864 - 6352]?2)

Proof. From lemma BTH, we get

o 0T
3s 9t — €1 (7 - 5352k2>

(G5 + %+ 2 (Boks) + ks (%2 + Boka — Baeaks) ) N

((5 + %2 /83/6‘3) ko + a;ﬁzs +2 (52]62)) By
—&2 (85 (Baks) + k3 ( ﬂ352k2)> By
+ (—€2k2 (% + Baka — 54€2k3> + % — e (/331412)) Bs.

On the other hand,

oor 0
= N = <ﬂ3/€2 +€1864> T+1/12N+€2’(/J1B1

ot s Ot

From the equality of the coefficients of T" in above equalities, we get

(53762 +e1 aﬂ4> =E€1 (385 - 53527432)

O

Corollary 3.17. In Theorem BId, from the equality of the coefficients of N,
By and By respectively, we obtain

8252 861 863
thy = 552 +§+*(53k3)+k3 s
+Boksks — 52]9354
B 0B Qﬁs
g21 = kzaf + koS + koksfBs + —— + = (52k2)
0 084
—E25- (54k3) — e9ks (; - 5253742)
s
0%B4

d0- 0
0 = —e2ks (8533 + Poka — 52’%54) + 552 %255 (Bsk2)
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Theorem 3.18. Let % = 01T + BoN + 3By + B4 B2 be a smooth inextensible
flow of a pseudo null curve v with k1, = 1 in E3. Then the following partial
differential equation holds:

0 0 0?
(3.18) k2% + k3 By — eakaks By = 98 (Bsk2) — &1 85522'
Proof. From lemma B3, we get
d ON 0 0?53,
st T (a (Baks) “1@52) T
0 0
+ | e2ksr — €1ﬂ — Pk + v, N
0s 0s

0
+ (1/121’52 + 625;{;1) B1 — 1/11]6232

On the other hand,

0 ON 0Ps Oks
——— =ko | == + ka2 — €2k T + kotvs N + —=B;1 — katy1 Bo.
5% D5 2 < 5 T 22 — €2 354) + kops N + 5 B 21 By
From the equality of the coefficients of T' in above equalities, we get
B3 o 0 9By
ko—= + k502 — eakoksfy = —— (B3ka) —e1——.
275, + ka2 — e2kaksfy 95 (Bsk2) — &1 542

O

Corollary 3.19. In Theorem B3, from the equality of the coefficients of N
and By respectively, we obtain

0 0

koo = —51ﬂ — Bska + i} + e2k31,
0s 0s

Ok 0

E i R

Theorem 3.20. Let % = 01T + BoN + B3B1 + B4 B2 be a smooth inextensible
flow of a pseudo null curve vy with k1 = 1 in E3. Then the following differential
equation holds:

0 0 0? 0 0
—2koks 3 —51/€3% - kz% — ko1 = Kﬁ; + 75 (k232) —&25- (k3fB4) +e191-
Proof. From lemma B3, we get
0 0B1 0?83 0O 0
%W = ( D52 + % (k252) - 52& (k334) +e | T
0 0
+ 08y + koBo — e2k3fBa + s N
Os Os
0
+ (¢3ko + e2ksip1) By — ﬂBw

Os
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On the other hand,

0 0B

ot s

0P 9p2
Os 0Os ) T

= (—27*32]6353 —e1ths—— —ko—— — k21

Ok
+ (8753 + k31/)2) N + (e2ksthr + kotbs) By

Ok
+ (62(%2 + €2k21/12) Bs.

From the equality of the coefficients of T' in above equalities, we get

0P 02 _ 0%B; 0O
—2koksfs —erks o= ka5 —kaf = 5+ o

(kofB2) — 62% (k3fBs) +e1t1.

O

Corollary 3.21. In Theorem BZD, from the equality of the coefficients of N
and Bs, respectively, we obtain

ok 0 0
873 + ks = % + kofa — e2ksfa + %7
0 ok
5 = g ek

Theorem 3.22. Let % = 01T + BoN + 3By + B4 B2 be a smooth inextensible
flow of a pseudo null curve vy with k1 = 1 in E3. Then the following differential
equation holds:

a 0? 0 0
—&2ks (;j + ko2 — 52’%54) = _EIWB; - 61% —f1p; (k3fs) +e1ta.
Proof. From lemma B3, we get
0 8B2 o 8252 aﬂl 0
9s ot (51882 - 51@ - 51% (k3Bs) +e1tpe | T
9p2
—\al 5 + B1+ k3Bs | +egkshs | N
0 0
- 82£ — &gkstpy | By — | —katps + 92 By
ds ds
On the other hand,
0 0B 0
@8732 = —éeoks <6533 + ko2 — €2k3ﬁ4> T

9B2

+ (—6188 — €181 —e1k3fs — €2k3¢3) N

ok 0
+ (—Ezatg - 51% —e1k2B2 — k354) B,

0
+ (-61;84 — kof33 + €2k31/11> Bs.
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From the equality of the coefficients of T' in above equalities, we get

0% o0
0s2 °1 0s 5183

95 k3f3) + e11a.

0
ok (ﬁf" + kol — egk3,84> S
O

Corollary 3.23. In Theorem B23, from the equality of the coefficients of By
and Bs, respectively, we obtain

Ok 9 9
R e
o 0
—E1ﬂ — kof3 + eakstpr = katb3 — 7%-
s ds
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