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ON NEARLY QUASI-EINSTEIN WARPED
PRODUCTS

Buddhadev Pal” and Arindam Bhattacharyya®

Abstract. We study nearly quasi-Einstein warped product manifolds
for arbitrary dimension n > 3. In the last section we also give an example
of warped product on nearly quasi-Einstein manifold.
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1. Introduction

A Riemannian manifold (M™, g), (n > 2) is Einstein if its Ricci tensor S of
type (0,2) is of the form S = ag, where « is smooth function, which turns into
S = Lg, r being the scalar curvature of the manifold. Let (M",g), (n > 2) be
a Riemannian manifold and Us = {z € M : S # Lg at z}, then the manifold
(M™, g) is said to be quasi-Einstein manifold [, 2] if on Us C M, we have

(1) S—ag=LFA®A,

where A is a 1-form on Ug and « and § some functions on Ug. It is clear that
the 1-form A as well as the function § are nonzero at every point on Ug. From
the above definition, it follows that every Einstein manifold is quasi-Einstein.
In particular, every Ricci-flat manifold (e.g., Schwarzchild spacetime) is quasi-
Einstein.The scalars «, 8 are known as the associated scalars of the manifold.
Also, the 1-form A is called the associated 1-form of the manifold defined by
9(X, p) = A(X) for any vector field X, p being a unit vector field, called the
generator of the manifold. Such an n-dimensional quasi-Einstein manifold is
denoted by (QE),.

In [3], De and Gazi introduced nearly quasi-Einstein manifold, denoted
by N(QE),, and gave an example of a 4-dimensional Riemannian nearly quasi
Einstein manifold, where the Ricci tensor S of type (0,2) which is not identically
zero satisfies the condition

2) S(X,Y) = 1g(X,Y) + mD(X,Y),

where [ and m are non-zero scalars and D is a non-zero symmetric tensor of
type (0,2).
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Also in [B], De and Gazi introduced the notion of a Riemannian manifold
(M, g) of a nearly quasi-constant sectional curvature as a Riemannian manifold
with the curvature tensor satisfies the condition
(3)

R(X,Y,Z,W) =alg(Y, Z)g(X, W) — g(X, Z)g(Y,W)] + blg(Y, Z) D(X, W)
—9(X, Z)D(Y,W) 4+ g(X, W)D(Y, Z) — g(Y,W)D(X, Z)],

where a, b are scalar functions with b # 0 and D is nonzero symmetric (0,2)
tensor.

Let M be an m-dimensional, m > 3, Riemannian manifold and p € M.
Denote by K(m) or K(u A v) the sectional curvature of M associated with a
plane section m C T, M, where {u,v} is an orthonormal basis of 7. For any n-
dimensional subspace L C T, M, 2< n < m, its scalar curvature 7(L) is denoted
in [@] by 7(L) = 2¥1<i<j<nK(e; A €;), where {e1, ez, ...ep,} is any orthonormal
basis of L [H]. When L = T,M, the scalar curvature 7(L) is just the scalar
curvature 7(p) of M at p.

2. Warped product manifolds

The notion of warped product generalizes that of a surface of revolution. It
was introduced in [B] for studying manifolds of negative curvature. Let (B, gg)
and (F, gr) be two Riemannian manifolds and let f be a positive differentiable
function on B. Consider the product manifold B x F' with its projections
m:BxF — Bando: B xF — F. The warped product B x; I is the
manifold B x F with the Riemannian structure such that || X||> = ||7*(X)||> +
F2(m(p))||o*(X)||?, for any vector field X on M. Thus we have

(4) 9=gs+ f’9r

holds on M. The function f is called the warping function of the warped
product [8].

Since B x ¢ F'is a warped product, then we have VxZ = VX = (Xinf)Z
for unit vector fields X, Z on B and F, respectively. Hence, we find K(XAZ) =
9g(VzVxX-VxVzX,Z)=(1/f){VxX;—X?f}. If we chose a local orthonor-
mal frame ey, ...., e, such that ey, ...., e,, are tangent to B and ey, 41, ...., e, are
tangent to F', then we have

Af n
(5) TZZK(ei/\Gj)7
i=1
for each s =ny + 1,....,n [@. We need the following two lemmas from [i], for
later use:

Lemma 2.1. Let M = Bx ¢ F be a warped product, with Riemannian curvature
tensor Ryr. Given field X, Y, Z on B and U, V., W on F, then:

(1) RM(X7Y)Z = RB(X7 Y)Z;

(2) Ry (V, X)Y = —(Hf(X,Y)/f)V, where H' is the Hessian of f,
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(3) Ry (X,Y)V = Ry (V,W)X =0,
(4) Ru (X, V)W = —(g(V,W)/f)Vx (grad f),
(5) Ry (V, W)U = Rp(V, W)U+ (||grad f||* / f){g(V,U)W —g(W,U)V}.

Lemma 2.2. Let M = B x; F' be a warped product, with Ricci tensor Syy.
Given fields X, Y on B and V, W on F, then:

(1) Su(X,Y) = Sp(X,Y) = $H/(X,Y), where d = dim F

(2) Smu(X,V) =0,

(3) Su(V,W) = Sp(V,W) — g(V,W) f#, f# = 5L + &L{|grad f|]2, where
Af is the Laplacian of f on B.

Moreover, the scalar curvature 7j; of the manifold M satisfies the condition

Af [VfI?
6 TM—TB+ L _2d=L —d(d-1 ,
(6) 72 7 (d—1) 72
where 75 and 7 are the scalar curvatures of B and F', respectively.
In [B], Gebarowski studied Einstein warped product manifolds and proved
the following three theorems.

Theorem 2.1. Let (M, g) be a warped product Ix s F, dimI =1, dim F =n—1
(n>3). Then (M, g) is an Einstein manifold if and only if F is Einstein with
constant scalar curvature Tp in the case n = 3 and f is given by one of the
following formulae, for any real number b,

%K sinh? 7\/5(;+b), a>0

)= K(t+b)? a=0
.2 v/ —a(t+b

ngsm #, a<0

for K >0, f2(t) = bexp(at) (a#0), for K =0, f(t) = —%Kcosh2 ‘/E(;rb),
(a > 0), for K <0, where a is the constant appearing after first integration of

the equation q e14+ 2K =0 and K = m

Theorem 2.2. Let (M, g) be a warped product B x ¢ F' of a complete connected
r-dimensional (1 < r < n) Riemannian manifold B and an (n—r)-dimensional
Riemannian manifold F. If (M,g) is a space of constant sectional curvature

- . 1
K >0, then B is a sphere of radius TR

Theorem 2.3. Let (M,g) be a warped product B x¢ F' of a complete con-
nected n — 1-dimensional Riemannian manifold B and an one-dimensional
Riemannian manifold F. If (M,g) is an Einstein manifold with scalar cur-
vature Tpr > 0 and the Hessian of f is proportional to the metric tensor gpg,
then
(1) (B,gg) is an (n— 1)-dimensional sphere of radius p = (m) z,
TM

(2) (M,g) is a space of constant sectional curvature K = Ty -

Motivated by the above study by Gebarowski, in the present paper our aim
is to generalize Theorems 2, 22 and 23 for nearly quasi-Einstein manifolds.
Also in the last section we give an example of warped product on nearly quasi-
Einstein manifold.
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3. Nearly quasi-Einstein warped products

In this section, we consider nearly quasi-Einstein warped product manifolds
and prove some results concerning these type manifolds.

Theorem 3.1. Let (M, g) be a warped product Ix ¢ F, dimI =1, dim F =n—1
(n>3). If (M, g) is nearly quasi-Einstein manifold with associated scalarsl, m,
then F' is a nearly quasi-Finstein manifold.

Proof. Let us consider (dt)? to be the metric on I. Taking f = exp{2} and
making use of Lemma P74, we can write

@ (o 0y = oy 4 (4 )
and
) SV, W)= Se(V,W) — 1124+ (0~ 1)(glgr (V, W),

for all vector fields V,W on F.
Since M is nearly quasi-Einstein, from (B) we have

0 0 0 0 0 0
9) SM(&va)*lg(aaa)JFmD(&aa),
and
(10) Su(V,W) =1lg(V,W) +mD(V,W).

On the other hand, using (B), the equations (4) and (I) reduce to

o 0 o 0
(11) SM(E,E)—Z-FWLD(&,&)
and
(12) SM(V, W) = lquF(V, W) + mDF(V, W)

Comparing the right hand side of the equations (@) and () we get

(13) LemD(o 2y = g 1 (4))

Similarly, comparing the right hand sides of (8) and (¥) we obtain
1 1" ’
(14)  Sp(V.W) =7e*2¢ + (n=1)(q)* + 4llgr (V. W) +mDp(V, W).

which implies that F' is a nearly quasi-Einstein manifold. This completes the
proof of the theorem. O
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Theorem 3.2. Let (M, g) be a warped product B x s F' of a complete connected
r-dimensional (1 < r < n) Riemannian manifold B and an (n—r)-dimensional
Riemannian manifold F .

If (M, g) is a space of nearly quasi-constant sectional curvature, the Hessian
of f is proportional to the metric tensor gg, then B is a nearly quasi-Finstein
manifold.

Proof. Assume that M is a space of nearly quasi-constant sectional curvature.

Then from equation (B), we can write

(15)

R(X,Y, Z,W) =alg(Y, Z)g(X, W) — g(X, Z)g(Y,W)] + blg(Y, Z) D(X, W)
—9(X, Z)D(Y,W) 4+ g(X, W)D(Y, Z) — g(Y,W)D(X, Z)],

for all vector fields X,Y, Z, W on B.
In view of Lemma P and by using (#) in equation (IF) and then after a
contraction over X and W (we put X = W = ¢;), we get

(16) Sp(Y,Z) =la(r — 1) + bDp(ei, e:)]gp(Y, Z) + brDp(Y, Z),

which shows us B is a nearly quasi-Einstein manifold. Contracting from (IH)
over Y and Z, we can write

(17) T = ar(r — 1)+ 2rbDpg(e;, €;).

Since M is a space of nearly quasi-constant sectional curvature, in view of (B)
and (IH) we get

Af _ar+brDg(e; e)
f 2 .

On the other hand, since the Hesssian of f is proportional to the metric tensor
gB, it can be written as follows

(18)

(19) H/(X)Y) = %gB(X, Y).

Then by use of (7) and (I¥) in () we obtain H/ + Kfgp(X,Y) = 0,

where K = T(Bfr)l;?(f(_eﬁe")fm holds on B. So by Obata’s theorem [d], B is
1

isometric to the sphere of radius ird in the (r+1)-dimensional Euclidean space.
This gives us that B is a nearly quasi-Einstein manifold. Since b # 0 and also
r # 0, therefore B is a nearly quasi-Einstein manifold of dimension n > 2. 0O

Theorem 3.3. Let (M, g) be a warped product B Xy F' of a complete connected
n — 1-dimensional Riemannian manifold B and one-dimensional Riemannian
manifold I. If (M, g) is a nearly quasi-Finstein manifold with constant associ-
ated scalars I,m and the Hessian of f is proportional to the metric tensor gg,

then (B, gg) is an (n — 1)-dimensional sphere of radius o = \/7%



50 Buddhadev Pal, Arindam Bhattacharyya

Proof. Assume that M is a warped product manifold. Then by use of Lemma
2 we can write

(20) Su(X,Y) = Sn(X,Y) + %Hf(X, Y)

for any vector fields X, ¥ on B. On the other hand, since M is a nearly
quasi-Einstein manifold we have

(21) Su(X,Y) =1g(X,Y) +mD(X,Y).

In view of (@) and (E0) the equation (EO) can be written as

1
(22) Sp(X,Y) =lgp(X,Y) +mDp(X,Y) + ?Hf (X,Y).
By a contraction from the above equation over X, Y, we find
A
(23) B :l(n—l)—!—mDB(ei,ei)—FTf.

On the other hand, we know from the equation () that
(24) T =In+mDpg(e;,e;).

By use of (£2) in (23) we get 75 = 7y — 1+ %. In view of Lemma P72 we also
know that

A
(25) _Ta A
n f
The last two equations give us 75 = "T’lTM — [. On the other hand, since the

Hessian of f is proportional to the metric tensor ¢gpg, it can be written as follows
HI(X,Y) = %QB(X7 Y). As the consequence of the equation (Z3) we have

nA_f1 — _ﬁTMf, which implies that
+1
HI(X.Y)+ B X,Y)=0.
(X,Y) + (n_l)Qng( ,Y)

. . . . . . n—1
So, B is isometric to the (n — 1)-dimensional sphere of radius NerE=k Hence

the Theorem is proved. O

4. Example of warped product on nearly quasi-Einstein
manifold

In [B], De and Gauzi established the 4-dimensional example of nearly quasi-
Einstein manifold. Let (My, g) be a Riemannian manifold endowed with the
metric given by

ds® = gijdo'de’ = (da*)? + ()3 [(da")? + (da®)” + (da®)?]
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where 7,5 = 1,2,3,4 and 2!, 2%, 23 2% are the standard coordinates of Mjy.

Then they have shown that it is nearly quasi-Einstein manifold with nonzero
and nonconstant scalar curvature.
To define warped product on N(QF)4, we consider the warping function

f:R — (0,00) by f(x*) = \/(2%)3, here we observe that f = y/(z4)3 > 0
and is a smooth function. The line element defined on R x R3 which is of the

form I x s F, where I = R is the base and F = R? is the fibre.
Therefore the metric ds3, = ds% + f2ds? that is

ds® = gijda:idacj = (da*)?® + (m4)%[(dx1)2 + (dx?)? + (dz®)?],

is the example of Riemannian warped product on N(QE),.
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