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All of old. Nothing else ever. Ever tried. Ever failed. No matter.
Try again.

(S. Beckett, Worstword Ho)
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Free |G semigroups: idea

» To every semigroup S with idempotents E associate the
free-est semigroup IG(E) in which idempotents have the same
structure as in S.

> To every regular semigroup S with idempotents E associate
the free-est regular semigroup RIG(E) in which idempotents
have the same structure as in S.

» Structure = biorder.
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Free |G semigroups: definition

E — the set of idempotents in a semigroup S.

IG(E):=(E|e’=e (e€E),
e-f=cef ({e,f}n{ef,fe} #0)).

Suppose now S is regular.
S(e,f)={h € E : ehf = ef, fhe = h} # () (sandwich sets).

RIG(E):=(E|IG, e-h-f=e-f (e,f € E, he S(e,f))).
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Example: V-semilattice

Let S =
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Example: V-semilattice

Let S =

IG(S) = (e,f,z|e®> =e, f2=f, 22 =2, ez=ze = fz = zf = z):
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Example: V-semilattice

e
Let S =
z
IG(S) = (e,f,z|e®> =e, f2=f, 22 =2 ez=ze=fz = zf = z):
e
(ef) e| (ef)
(fe)' |(fe)'f
[ ]
z
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Example: V-semilattice

e
Let S =
z
IG(S) = (e,f,z|e®> =e, f2=f, 22 =2 ez=ze=fz = zf = z):
e
(ef) e| (ef)
(fe)' |(fe)'f
[ ]
z

RIG = (e,f,z|IG, ef =fe=2z)=S.
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Example: 2 x 2 rectangular band

S = (ejj | ejjers = €jf (i,j, k, 1 € {1,2})):

€11

€12

€21

€22
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Example: 2 x 2 rectangular band

S = (ejj | ejjers = €jf (i,j, k, 1 € {1,2})):

€11

€12

€21

€22

|G(5) = (e;j ’ €ij€kl = €j (i,j, k, 1€ {1,2}, i=korj= /)>2
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Example: 2 x 2 rectangular band

S = (ejj | ejjers = €jf (i,j, k, 1 € {1,2})):

€11

€12

€21

€22

|G(5) = <e,'_,' ’ €ij€kl = €j (i,j, k, 1€ {1,2}, i=korj= /)>2

(e11€2) enn

(e12e21) €1

(612621)i (311622)i
(ex1€12) ex|(exenn) e
(exen)’ | (exen)
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Example: 2 x 2 rectangular band

S = (ejj | ejjers = €jf (i,j, k, 1 € {1,2})):

€11

€12

€21

€22

|G(5) = <e,'_,' ’ €ij€kl = €j (i,j, k, 1€ {1,2}, i=korj= /)>2

(e11€2) enn

(e12e21) €1

(612621)i (311622)i
(ex1€12) ex|(exenn) e
(exen)’ | (exen)

RIG(S) = 1G(S).
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S, IG(E), RIG(E)

» The sets of idempotents isomorphic (as biordered sets).

» The D-class of an idempotent e has the same dimensions in
all three.

» The group He in S is a homomorphic image of its counterparts
in IG(E), RIG(E), which themselves are isomorphic.

» IG(E) may contain other, non-regular D-classes.

Question
Describe maximal subgroups of IG(E) and RIG(E).
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Setting the problem: big picture
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Setting the problem: big picture
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Setting the problem: big picture

IG(E)
S . ¢ .
~__ .
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Setting the problem: big picture

IG(E)
S . ¢ .
~__ .
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Setting the problem: big picture

IG(E)
S . ¢ .
=
~__ .
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Setting the problem: big picture
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Setting the problem: big picture

IG(E)
S -
- 1t —
[e.] i
G =177
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Setting the problem: zoom in

S 6(11)
G =777

€11)| e12 | €13

€22 €24 €22 €24

€31 ]| €32 €33 €34

€31 €32 €33 €34
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Generators

Fact
G is generated by a set in 1-1 correspondence with D N E(S).
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Generators

Fact

G is generated by a set in 1-1 correspondence with D N E(S).

generators of G

D
€a1)| e | e13
€22 €24
€31 €32| €33 €34

fin | A2 | fi3
o o4
Ri| | 3] s
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Generators

Fact

G is generated by a set in 1-1 correspondence with D N E(S).

D

e(1)

€12

€13

generators of G

€22

€24

€31

€32

€33

€34

G = <f,J (e,-j S DﬂE)’???)

fin | A2 | fi3
o o4
Ri| | 3] s
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Typical relations: f,flf,-/ = fkjlfk/ oh— 2

1 J /
1] e
| —7
i he—Ceir ] — " [Ne
/\
k h - —Cex/] — ey

_ ej e : _ _

Singular square | 7 " | relation: f:1fy = f,; fy.

ij kj
eKj  ex
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Presentation

Theorem (Nambooripad '79; Gray, NR '12)

The maximal subgroup G of e € E in IG(E) or RIG(E) is defined
by the presentation:

(fij | fimy =1 (iel),

fij = fi (if rjej is a Schreier rep),
fi i = fi i ([ elz‘ e/i/ } sing. sq.)).
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Remarks (1)

» Proof: Reidemeister—Schreier followed by Tietze
transformations.

» Two types of relations:

» Initial conditions: declaring some generators equal to 1 or each
other;
» Main relations: one per singular square.

» All relations of length < 4.
» If no singular squares, the group is free.
» They have been conjectured to always be free.

> Brittenham, Margolis, Meakin '09 construct a 73-element
semigroup such that IG(E) and RIG(E) have Z X Z as a
maximal subgroup.

University of St Andrews Nik Ruskuc: Free IG semigroups



Remarks (2)

» What can be defined by relations f,.flf,-/ = fkjlfk/?
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Remarks (2)

» What can be defined by relations f,.flf,-/ = fkjlfk/?

[1 b}:ab:c.
a c
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Remarks (2)

» What can be defined by relations f,.flf,-/ = fkjlfk/?
1 b
a c

} = ab=c.
» But: Every semigroup can be defined by relations of the form

ab=c.
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Remarks (2)

What can be defined by relations f,.flf,-/ = fkjlfk/?

> [1 b}:ab:c.

v

a c
» But: Every semigroup can be defined by relations of the form
ab = c.

v

Even better: Every finitely presented semigroup can be
defined by finitely many relations of the form ab = c.
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Remarks (2)

v

What can be defined by relations f,.flf,-/ = fkjlfk/?

[1 b}:ab:c.
a c

» But: Every semigroup can be defined by relations of the form
ab = c.
» Even better: Every finitely presented semigroup can be

defined by finitely many relations of the form ab = c.

v

Some more special squares . ..
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Remarks (2)

v

What can be defined by relations f,.flf,-/ = fkjlfk/?

[1 b}:ab:c.
a c

» But: Every semigroup can be defined by relations of the form
ab = c.
» Even better: Every finitely presented semigroup can be

defined by finitely many relations of the form ab = c.

v

Some more special squares . ..

-

v
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Remarks (2)

v

What can be defined by relations f,.flf,-/ = fkjlfk/?

[1 b}:ab:c.
a c

» But: Every semigroup can be defined by relations of the form
ab = c.
» Even better: Every finitely presented semigroup can be

defined by finitely many relations of the form ab = c.

v

Some more special squares . ..

a a
[b C]:>b—c.

v
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Remarks (2)

» What can be defined by relations f,.flf,-/ = fkjlfk/?

> [1 b}:ab:c.
a cC

» But: Every semigroup can be defined by relations of the form
ab = c.
» Even better: Every finitely presented semigroup can be

defined by finitely many relations of the form ab = c.

» Some more special squares . ..
a a

> = b=rc.
b ¢

>

e

University of St Andrews Nik Ruskuc: Free IG semigroups




Remarks (2)

» What can be defined by relations f,.flf,-/ = fkjlfk/?

> [1 b}:ab:c.
a cC

» But: Every semigroup can be defined by relations of the form
ab = c.
» Even better: Every finitely presented semigroup can be

defined by finitely many relations of the form ab = c.

» Some more special squares . ..
a a

> [b C]:>b—c.

> [1 1}:>a:1.
1 a
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Results (1): Gray, NR "12

Theorem
Every (finite) group is a maximal subgroup of some free regular
idempotent generated semigroup (over a finite semigroup).

Theorem
Every finitely presented group is a maximal subgroup of some free
idempotent generated semigroup arising from a finite semigroup.

Remark

Maximal subgroups of free idempotent generated semigroups
arising from finite semigroups have to be finitely presented by
Reidemeister—Schreier.

Remaining Question

Is every finitely presented group a maximal subgroup in some free
idempotent generated semigroup over a finite regular semigroup?
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Results (2): calculating the groups

Some or all maximal subgroups in IG(E(S)) have been calculated
for the following S:

» Full matrix monoid over a finite field: Brittenham, Margolis,
Meakin; Dolinka, Gray.

» Full and partial transformation monoids: Gray, NR; Dolinka.

» Endomorphism monoid of a free G-act: Gould, Yang.
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Results (3): bands

Theorem (Dolinka)

For every left- or right seminormal band B, all maximal subgroups
of IG(B) are free. For every variety VV not contained in

LSNB U RSNB there exists B € V such that IG(B) contains a
non-free maximal subgroup.

Remaining Question
Which subgroups arise as maximal subgroups of IG(B), B a band?

University of St Andrews
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New construction (Dolinka, NR): set-up
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New construction (Dolinka, NR): set-up

Let's obtain
(a,b,c|ab=c, bc =a, ca=b)

as a maximal subgroup of IG(B) for a band B.
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New construction (Dolinka, NR): set-up

Let's obtain
(a,b,c|ab=c, bc=a, ca=b)(= Qs = F(2,3))

as a maximal subgroup of IG(B) for a band B.
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New construction (Dolinka, NR): set-up

Let's obtain
(a,b,clab=rc, bc =a, ca=b)(= Qg = F(2,3))
as a maximal subgroup of IG(B) for a band B.

» | ={0,a,b,c,0,d b, c};
» J={0,a,b,c,0};
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New construction (Dolinka, NR): set-up

Let's obtain
(a,b,c|ab=c, bc=a, ca=b)(= Qs = F(2,3))

as a maximal subgroup of IG(B) for a band B.
» | ={0,a,b,c,0,d b, c};
» J={0,a,b,c,0};
s T=T Ty
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New construction (Dolinka, NR): set-up

Let's obtain
(a,b,c|ab=c, bc=a, ca=b)(= Qs = F(2,3))

as a maximal subgroup of IG(B) for a band B.
» | ={0,a,b,c,0,d b, c};
J={0,a,b,c,o0};
T=T xTs
» the minimal ideal: K = {(0,7) : 0,7 constants};

K is an | x J rectangular band.

v

v

v
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New construction: set-up

» B=KUL, where L is a left zero L|o|o|o|...|o|.|.|
semigroup. |
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New construction: set-up

» B=KUL, where L is a left zero L|o|o|o|...|o|.|.|
semigroup. |

» We ensure this by virtue of every
(0,7) € L satisfying:
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New construction: set-up

» B= KUL, where L is a left zero L|o|o|o|...|o|.|.|

semigroup. |
> We ensure this by virtue of every Ole|o|e|efe
(0,7) € L satisfying: ale|efefe]e
> 02 =0, 7'2 =T, bl|e|e]|e]|e|e
Cl e [ ] [ ] [ ] [ ]
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New construction: set-up

» B=KUL, where L is a left zero
semigroup.

» We ensure this by virtue of every
(0,7) € L satisfying:
» ol=0,12=1;

> ker(o) =
{{0,a,b,c}, {04, b, c'}};

L|o| o|.i.|o|o|o|
0 o |o o | e
a o(eo|o]e
b o |o o |0
c o(eo|o]e
o’ oo e .K
a oe|ofeo]e
b o|ofeo|e
c oe|ofeo|e
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New construction: set-up

» B= KUL, where L is a left zero L|o|o|o|...|o|.|.|

semigroup. |
» We ensure this by virtue of every O|e[o]|ofe]e
(0,7) € L satisfying: ale|efefe]e
> 02 =0, 7'2 =T, ble|e|e]|e|e
> ker(a) = s cloe|o|o]eo|e
{{0737 t.” C}’ {0 )a7b7c}}v 0/ L] [ ] [ ] ° ° K
» thus o is determined by its image .
{x,y} transversing its kernel; CH Tl Il Il Il B
ple|e|e|e]|e
c'loe|oe]|e|e]|e
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New construction: set-up

» B= KUL, where L is a left zero L|o|o|o|...|o|.|.|

semigroup. |
» We ensure this by virtue of every O|o[e]|ofe]e
(0,7) € L satisfying: ale|e|e|e]e
> 02 =0, 7'2 =T, ble|e|e]|e|e
> ker(a) = s cloe|o|o]eo|e
{40, a, t.>, c},{O,Ia,b,c.}};' oo le s K
» thus o is determined by its image
{x,y} transversing its kernel; afe]efele]"
» im(7) ={0,a,b,c}; blejefe]°]"
c'loe|oe]|e|e]|e
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New construction: set-up

» B= KUL, where L is a left zero L|o|o|o|...|o|.|.|

semigroup. |
» We ensure this by virtue of every O|o[e]|ofe]e
(0,7) € L satisfying: ale|e|e|e]e
>02:J,7‘2:T; ble|e|e]|e|e
>ker(a): s cloe|o|o]eo|e
{{0, a, t.>, c},{O,Ia,b,c.}};' oo le s K
> thus o is determined by its image
{x,y} transversing its kernel; afe]efele]"
» im(7) ={0,a,b,c}; blejefe]°]"
» thus 7 is specified by (c0)7. le|e|o|e]e
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New construction: process

0 a b ¢ x

0

a| fao | faa | fab | fac |faco
b| feo | foa | fob | foc |fooo
C|feo | fea | fob | fec |feoo

0/ ﬂ)/O fE)’a ﬁ)’b fE)/C fO/oo

a fa/O fa/a fa’b fa’c fa/oo
b/ fb/O fb’a fb/b fb/C fb/oo

C/ f'c/O f;:’a fc’b fc’c fc/oo
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New construction: process

0 a b ¢
Ol1 )1 1|11
a| fao | faa | fab | fac |faco
b| feo | foa | fob | foc |fooo
C|feo | fea | fob | fec |feoo
0| foro| fora|fors | fore|foroo
a'|foro|fora | farb| fore [for oo
b | foro | fora | forb | fore for oo
cfeo|fera|fon|forclfooo

Initial relations

University of St Andrews
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New construction: process

0 a b ¢ o
Of1|1]1])1(1
al 1 | fa|fa| foc |faco
b| 1 | foa| fob | foc |fooo
Cl 1 |fea|fe|fec|feoo
0 1 |foa|fos|forclforo
a'l 1 |faa|fan|farc|farco
b 1 | fora|fors| fore|foroo
| 1 | fea|fos|foclfeo

Initial relations
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New construction: process

0 a b ¢ x
BN EN RN !
al 1 |fa|faw| fa|fico
b| 1 | fea| fob | foc |foco
Cl 1 |fea]fe| fee |feco
0| 1 [fora|fors|forelforoo
a'l 1 |faa|fan|forc|firoo
b 1 |foalfors|fore|fors
| 1 |faa|fop|foclfoo

[}

o O

L

[« 2o

o 0

0 & b
VAN 0’)
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New construction: process

0 a b ¢ x
BN EN RN !
al 1 |fal|fas| fac |faco
b| 1 | fea| fob | foc |foco
C|l 1 |fea|fen| fec|feoo
0| 1 [fora|fors|fore|foroo
a'l 1 |faa|fan|forc|foroo
b 1 |foralfors|fore|foro
| 1 (fea|fo|foclfoo

[}

o O

L

[« 2o

o 0

0 & b
VAN 0’)
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New construction: process

0 a b ¢ x
BN EN RN !
al 1|1 |fp|fac|fico
b| 1 | fea| fob | foc [foco
C|l 1 |fa|fe| fec|feoo
0| 1 [fora|fors|fore|foroo
a'l 1 |faa|fan|forc|foroo
b 1 |foralfors|fore|foros
| 1 |fea|fos|foclfoo

[}

o O

L

[« 2o

o 0

0 & b
VAN 0’)
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New construction: process

0 a b ¢ x
BN EN RN !
al 1|1 |fp|fac|fico
b| 1 | fea| fob | foc |foco
Cl 1 |fa]fen| fee |feco
0| 1 [fora|forn|fore|foroo
a'l 1 |foa|fan|forc|foroo
b 1 |foral|fors|fore|foro
| 1 |fea|fap]|foclfoo

[}

o O

L

[« 2o

o 0

0 & b
VAN 0’)
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New construction: process

0 a b ¢ x
BN EN RN !
al1|1]1]fel|fx
b| 1 | fea| fob | foc |foco
Cl 1 |fa]fen| fee |feco
0| 1 [fora|forn|fore|foroo
a'l 1 |faa|fan|forc|foroo
b 1 |foal|fors|fore|foro
| 1 |fea|fap]|foclfoo

[}

o O

L

[« 2o

o 0

0 & b
VAN 0’)
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New construction: process

0 a b ¢
Of1|1]1 1
al1|1|1]1 |fix
bl 11|11 |fo
cl1]1|1|1 |fe
0 1 |foa|fos|foclforo
a'|l 1 |faa|fas|farc|farco
b'| 1 | fora|fors| fore|foroo
| 1 | fea|fos|feoclfeos

[}

o O

L

[« 2o

o 0

0 & b
VAN 0’)
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New construction: process

0 a b ¢
Of1|1]1 1
al1|1|1]1 |fix
bl 11|11 |feo
Cl1|1|1]1 |f
' 1 |fora|fors|forc|foroo
a'l 1 |faa|fan|farc|farco
b'| 1 | fora|fors| fore|foroo
| 1 | fera|fos| foclfeooo

Q

\]

[}

o O

L

[« 2o

o 0

0 & b
VAN 0’)
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New construction: process

0 a b ¢
Of1[1]1 1
af1|1|1(1|f
bl1|1]1|1 |fhe
Cl1|1|1(1][few
' 1 |fora|fors|forc|foroo
|1 (foa|fos|foclfoo
b 1 |fora|fors| fore[foroo
| 1 | fera|fos| foclfeooo

Q

\]

[}

o O

L

[« 2o

o 0

0 & b
VAN 0’)
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New construction: process

0 a b ¢ x
Of1([1]1 1
al1|1]1]1|fe
bl1|1]1|1 |fhe
cl1(1]1]1|f
0 1 |foa|fos|foclforo
a'l 1 |foa|fos|foclforco
b'| 1 |foa|fos|foclforoo
1 | fora|fos| foelfeoo

[}

o O

L

[« 2o

o 0

0 & b
VAN 0’)
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New construction: process

0 a b ¢ x
Of1f1)1f1f1
al il 1 1 1 faoo > 0 3 b c 0/ a/ b/ C/
bl 1| 1]|1]1 |feo ~\0 000000
cl1(1]1]1|f

- 0 a b ¢

/ =
Ojt]afblcio 0abc O
a/ 1 a b c fa’oo
b/ 1 a b C fb’oo
C/ 1 a b c fc’oo
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New construction: process

0 a b ¢ o
0f 1 1 1 1 1
al il 1 1 1 faoo B 0 3 b c 0/ a/ b/ C/
pli|1]1|1lee] ““\0000O0C O O ¢
cl 1 1 1 1 |feeo

- 0 a b ¢

/ p—
0l1fa]b]c o 0 a bc 0
a/ 1 a b 9 fa’oo
b/ 1 a b C fb’oo
C/ 1 a b c fc’oo
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New construction: process

0 a b ¢ o
o111 ]1]f1
allllf;m _Oabco/a/b/c/
blif1|1f1lel " L0000 0O O 0 O
clif1]1]1 |fw
- 0 a b ¢
/ =
Ol1]a]b]e]l 0 a bc O
allabcfa’oo
b/labCfb’oo
C/]-abCfc’oo
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New construction: process

0 a b ¢ x
Ol1]1f1]1]1
al il 1 1 1 faoo > 0 P b c 0/ a/ b/ C/
bl1l1]1]1 e A0 00 0 4 4 & 4
cl1]1]11]1 |fo

- 0 a b ¢

/ =
Of1fafjblc]l 0 a b ¢ a
a/ 1 a b 9 fa’oo
Pl1]alb]|clfe
C/ 1 a b c fc’oo
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New construction: process

0 a b ¢ x
Ol1]1f1]1]1
al il 1 1 1 faoo > 0 P b c 0/ a/ b/ C/
bl1l1]1]1 e A0 00 0 4 4 & 4
cl1]|11]1]|1 |feo

- 0 a b ¢

/ =
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Subgroups of 1G(B), B band

Theorem

For any group G there exists a band B such that IG(B) has a
maximal subgroup isomorphic to G. Furthermore, if G is finitely
presented, then B can be constructed to be finite.

Remark
» G has two D-classes, K and L.
» If G=(A|R) with |[A| = m, |R| = n, then

» Kisa (2m+ 2) x (m+ 2) rectangular band;
> Lis a left zero semigroup of order 2m + n + 1.
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Future directions: word problem

Fact

Suppose S is a finite regular semigroup. The word problem for
RIG(E) is solvable iff the word problem for each of its maximal
subgroups is solvable.

Open Problem

Is it true that the word problem for IG(E) arising from a finite
semigroup is solvable iff the word problem for each of its maximal
subgroups is solvable?

Open Problem

Is it true that the word problem for IG(E) arising from a finite
semigroup is solvable iff the word problem for each of its
Schiitzenberger groups is solvable?

Open Problem

Can IG(E) have non-trivial Schiitzenberger groups in non-regular
D-classes?
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... Try again. Fail again. Fail better.

(S. Beckett, Worstword Ho)
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