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Parameter N(S, A)

Notation
Let S be a finite semigroup and A ⊆ S be a generating set of S.
For every s ∈ S, denote by `A(s) the minimum length of a
sequence which represents s in terms of generators in A.

Definition
Let S be a finite semigroup with a generating set A ⊆ S and the
minimum ideal I . Define

N(S ,A) = min{`A(s) : s ∈ I}.
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Parameter N(S, A)

Example

I If G is a finite group, then
N(G ,A) = 1, for every
generating set A.

Figure: Group N(G ,A) = 1

I If Ci ,n = 〈a : ai = ai+n〉,
then N(Ci ,n, {a}) = i .

Figure: cyclic semigroup N(C4,6, {a}) = 4
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Parameter N(S, A)

Example

Figure:
Semigroup
S = 〈a, b〉,
N(S , {a, b}) = 2

Figure:
Semigroup
S = 〈S〉,
N(S , S) = 1
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Parameters N, M and M′

Parameters which only depend on the semigroup S :

Definition

I N(S) = min{N(S ,A) : S = 〈A〉, |A| = rank(S)}.
I M(S) = max{N(S ,A) : S = 〈A〉, |A| = rank(S)}.
I M ′(S) = max{N(S ,A) : S = 〈A〉}.

Remark

I min{N(S ,A) : S = 〈A〉} = 1.

I If A ⊆ B, then N(S ,B) ≤ N(S ,A). Hence

I M ′(S) = max{N(S ,A) : A is a minimal generating set}.
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Questions

I How do these parameters relate to the Černý conjecture?

I How far apart can N(S), M(S) and M ′(S) be?

I How do these parameters behave with respect to
decompositions (direct product and semidirect product)?

I Is it true that M(S) = M ′(S)?

I How do these parameters behave with respect to division?
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How do these parameters relate to the Černý conjecture?

Definition
A deterministic complete automaton A = (Q,A) is called
synchronizing if there is a word w ∈ A∗ such that |Qw | = 1, that is
w acts as a constant map in Q. We call such a word w a reset
word.

Notation
Denote by `srw (A ) the length of the shortest reset words of the
synchronizing automaton A = (Q,A).
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How do these parameters relate to the Černý conjecture?

Example

Q = {0, 1, 2, 3}, A = {a, b}

0
ba3ba3b→ 0

1
ba3ba3b→ 0

2
ba3ba3b→ 0

3
ba3ba3b→ 0

The shortest reset word is
ba3ba3b, then `srw (A ) = 9.

Figure: Synchronizing automaton
A = (Q,A)
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How do these parameters relate to the Černý conjecture?

Černý’s conjecture

Notation
For every n ∈ N denote,

c(n) = max{`srw (A ) | A = (Q,A) is synchronizing, |Q| = n}.

Conjecture

Černý’s conjecture states that c(n) = (n − 1)2.
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How do these parameters relate to the Černý conjecture?

Let A = (Q,A) be a synchronizing automaton. If S is the
transition semigroup of A , then

N(S ,A′) = `srw (A ),

where A′ = {ρa : q 7→ qa | a ∈ A}.

Example

Q = {0, 1, 2, 3}, A = {a, b}
ρa = (1, 2, 3, 0), ρb = (0, 1, 2, 0).

Figure: Automaton A = (Q,A)

Reaching the minimum ideal in a finite semigroup University of Porto, Portugal



Preliminaries Parameters N, M and M′ Conjecture References

How do these parameters relate to the Černý conjecture?
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How do these parameters relate to the Černý conjecture?

The transition semigroup S is the
semigroup generated by A′,
where A′ = {ρa, ρb}.

Figure: The transition Semigroup of
A = (Q,A)
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How do these parameters relate to the Černý conjecture?

Figure: The minimum ideal of S

N(S ,A′) = 9
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How do these parameters relate to the Černý conjecture?

Černý-Pin conjecture [Rys92]

Let A = (Q,A)r be a deterministic complete automaton, in which
r is the minimal rank of a transformation in the transition
semigroup of A . Denote by `sw (A ) the minimum length of the
words with rank r .

Remark
The automaton A = (Q,A)1 is synchronizing.

Definition
For every n ∈ N define,

cp(n) = max{`sw (A ) | A = (Q,A)r , |Q| = n}.
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How do these parameters relate to the Černý conjecture?

Conjecture

Černý-Pin conjecture states that cp(n) = (n − r)2.

Let A = (Q,A)r be a deterministic complete automaton. If S is
the transition semigroup of A , then

N(S ,A′) = `sw (A ),

where A′ = {ρa : q 7→ qa | a ∈ A}.

Conclusion
To calculate the shortest length of small rank words (reset words)
in a deterministic complete automaton (synchronizing
automaton)is equivalent to calculating the parameter N(S ,A) for a
finite transformation semigroup S.
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Conjecture
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How far apart can N, M and M′ be?

I How far apart can N, M and M ′ be?

We present some results relating to the following semigroups

I Certain families of transformation semigroups
I Semilattices
I Completely regular semigroups
I 0-simple semigroups
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How far apart can N, M and M′ be?

Example 1

a = (2, 3, 1), b = (2, 1, 3),

c = (1, 2, 1)

T3 = 〈{a, b, c}〉

N(T3, {a, b, c}) = 4

Figure: D-classes in T3

Reaching the minimum ideal in a finite semigroup University of Porto, Portugal



Preliminaries Parameters N, M and M′ Conjecture References

How far apart can N, M and M′ be?

Example 2

a = (2, 3, 1), b = (2, 1, 3),

c = (1, 1, 2)

T3 = 〈{a, b, c}〉

N(T3, {a, b, c}) = 2

Figure: D-classes in T3
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How far apart can N, M and M′ be?

Fact

N(T3) = 2, M(T3) = 4

More generally:

N(Tn) = n − 1, M(Tn) =?

Even more generally:

Proposition

The parameter N(S) is equal to n, if S is one of the
transformation semigroups PT n, In,POn,POIn or POPIn; and
it is equal to n − 1, if S is one of the
transformation semigroups Tn,On or Singn.
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How far apart can N, M and M′ be?

Proof sketch
The half part of proof is an immediate consequence of the following
lemma; and the other part is straightforward by using the results
which have been proved in [GH87, GH92, How78, Fer00, Fer01].

Lemma
If S ≤ PT n is a finite transformation semigroup with a generating
set A ⊆ {f ∈ S : rank(f ) ≥ n − 1}, then

N(S) ≥ n − r ,

where r is the rank of elements in the minimum ideal of S.
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How far apart can N, M and M′ be?

Semilattices

Definition
Let S be a finite semilattice. An element s ∈ S is irreducible if
s = a ∧ b (a, b ∈ S) implies a = s or b = s. Denote by I (S) the
set of all irreducible elements of S.

Lemma
The set I (S) is the unique generating set of S with minimum size.
Furthermore, every generating set of S contains I (S).

Corollary

If S is a finite semilattice, then

N(S) = M(S) = M ′(S).
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How far apart can N, M and M′ be?

Proposition

The inequality M ′(S) ≤ |I (S)| holds for every finite semilattice S.
The equality holds when S is the free semilattice generated by
I (S).
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How far apart can N, M and M′ be?

Fact
Let S be a completely regular semigroup. Green’s relation D is a
congruence in S and S/D is a semilattice of D-classes which are
simple semigroups [Hig92].

Notation
Denote the semilattice S/D by S ′. If a D-class of S is an
irreducible element of S ′ , then we call it an irreducible D-class of
S. Denote by IRD(S) the set of all irreducible D-classes of S.

Lemma
Let S be a completely regular semigroup,

M ′(S) ≤ |IRD(S)|.
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How far apart can N, M and M′ be?

0-Simple semigroups

Lemma
Let S be a finite regular 0-simple semigroup. Let
S = M0[G , I , L,P] be represented as a Rees matrix semigroup over
a group G, where P is a regular matrix with entries from G ∪ {0}.

I If P does not contain any entry equal to 0, then

N(S) = M(S) = M ′(S) = 1.

I If P does contain at least one 0 entry, then

N(S) = M(S) = M ′(S) = 2.
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How do these parameters behave with respect to decompositions?

I How do these parameters behave with respect to
decompositions?

We present an upper bound for N(S) provided that S is a
wreath product of two transformation semigroups.
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How do these parameters behave with respect to decompositions?

Wreath product

Definition
Define (X , S) o (Y ,T ) = (X × Y ,SY o T ), where the action of
the semidirect product is given by

T × SY → SY

(t, f ) 7→ tf ,

tf : Y → S

y 7→ ytf

and the action of SY o T on the set X × Y is described by

(x , y)(f , t) = (x(yf ), yt).
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How do these parameters behave with respect to decompositions?

Diameter

Definition
The directed diameter of a finite group G with respect to a set of
generators A denoted by d+(G ,A), is the maximum over g ∈ G of
the length of the shortest words in A representing g.
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How do these parameters behave with respect to decompositions?

Special cases
Given two transformation monoids (X ,S) and (Y ,T ).

I If T has trivial group of units, then

N(SY o T ) ≤ max{|Y |, d+(UY
S ,A

′)}N(S) + N(T ),

for every generating set A′ of UY
S with minimum size.

I If T has trivial group of units and rank(Un
S) = n rank(US),

then
N(SY o T ) ≤ nN(S) + N(T ),

where n = |Y |.
I If S is a group, then

N(SY o T ) ≤ N(T ).
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How do these parameters behave with respect to decompositions?

General case

Theorem
Given two transformation monoids (X ,S) and (Y ,T ). There exist
integers 0 ≤ m1 ≤ N(S) and 0 ≤ m2 ≤ N(T ) such that

N(SYoT ) ≤ (m1+m2)d+(UY
S oUT ,A

′)+|Y |(N(S)−m1)+N(T )−m2,

for every generating set A′ of UY
S o UT with minimum size.

Question
How large can the directed diameter of a (semi)direct product of a
finite group be?

Reaching the minimum ideal in a finite semigroup University of Porto, Portugal



Preliminaries Parameters N, M and M′ Conjecture References

How do these parameters behave with respect to decompositions?

General case

Theorem
Given two transformation monoids (X ,S) and (Y ,T ). There exist
integers 0 ≤ m1 ≤ N(S) and 0 ≤ m2 ≤ N(T ) such that

N(SYoT ) ≤ (m1+m2)d+(UY
S oUT ,A

′)+|Y |(N(S)−m1)+N(T )−m2,

for every generating set A′ of UY
S o UT with minimum size.

Question
How large can the directed diameter of a (semi)direct product of a
finite group be?

Reaching the minimum ideal in a finite semigroup University of Porto, Portugal



Preliminaries Parameters N, M and M′ Conjecture References

How do these parameters behave with respect to decompositions?

A generating set of minimum size

We used [Wie87] for calculating the rank of direct power of a finite
semigroup and proved the following lemma:

Lemma
Let (X ,S), (Y ,T ) be two transformation monoids. Let A′, A and
B be generating sets with minimum size of UY

S o UT , S and T ,
respectively. The set

G = A′ ∪ {((a)y , 1) : a ∈ A \ US , y ∈ Y } ∪ {(1̄, b) : b ∈ B \ UT}

is a generating set of SY o T with minimum size.
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How do these parameters behave with respect to decompositions?

Minimum ideal

Lemma
Let (X ,S) and (Y ,T ) be two transformation monoids. Let IS and
IT be the minimum ideals of S and T , respectively. The set

E = {(f , t) : f ∈ IYS , t ∈ IT , f is a constant map}

is contained in the minimum ideal of SY o T.
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How do these parameters behave with respect to decompositions?

Proof sketch
I Choose A,B such that N(S ,A) = N(S) and

N(T ,B) = N(T ).

I There exist a1, a2, . . . , aN(S) ∈ A and b1, b2, . . . , bN(T ) ∈ B
such that a1a2 . . . aN(S) ∈ IS and b1b2 . . . bN(T ) ∈ IT .

I Define the function f from Y to IS to be the constant map
with image a1a2 . . . aN(S).

I The pair (f , b1b2 . . . bN(T )) is an element of the minimum

ideal of SY o T .
I We show that the pair (f , b1b2 . . . bN(T )) is a product of at

most (m1 +m2)d+(UY
S oUT ) + |Y |(N(S)−m1) +N(T )−m2

elements in G , where

m1 = |{a1, a2, . . . , aN(S)}∩US |, m2 = |{b1, b2, . . . , bN(T )}∩UT |.
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Directed diameter of a finite group

Trivial upper bound

Question
How large can the directed diameter of a finite group be?

Fact
The directed diameter of a finite group with respect to every
generating set is at most the order of the group.

Example

The directed diameter of a cyclic group with respect to a singleton
generating set is the order of the group.
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Directed diameter of a direct power of a finite group

What can we say about the direct power of a finite group?

We
have

d+(Gn,A) ≤ |Gn| = |G |n.

I have tried to show that

Conjecture

Let Gn be the n-th direct power of a non trivial finite group G.
There exists a generating set A for Gn of minimum size such that

d+(Gn,A) ≤ n|G |.
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Directed diameter of a direct power of a finite group

Observations

The following groups satisfy the conjecture:

I Every group G with the following property

rank(Gn) = n rank(G ),

(eg. nilpotent groups).

I The symmetric group Sn.

I The dihedral group Dn.

For proving these results I used the Wiegold’s papers about the
generating sets of minimum size for direct power of a finite group.
[Wie74, Wie75, Wie78, Wie80, MW81]
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