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© Global to local correspondence
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© Optimal Covers

@ Beyond algebras
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Origins

1980s

~2000
2001

2009
2012
2013

McKenzie, Hobby: Tame Congruence Theory (study polynomial structure of
alg's via congruence pairs)

TCT for term operations, too???

Kearnes, Szendrei: Tame Congruence Theory is a localization theory A Course
in Tame Congruence Theory workshop, Budapest (ideas for generalisation,
answers, focussing on finite algebras)

MB: diploma thesis
Schneider: A relational localisation theory for topological algebras

MB: Relational Structure Theory-A Localisation Theory for Algebraic
Structures

TU Dresden RST—localising algebras, and more slide 3 of 33
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ldea
algebra

set + op’s

local alg’s

TU Dresden

magic relational structure
= set + rel’s
split into pieces

!

magic local structures

—
—

RST—localising algebras, and more
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Functions and relations
Let Abe aset, n€ INand m & IN.

o) .= a* RY™
Oa:=[J O Ra

For f € O and S C A™ (i.e. S € R{"):
f>S <= SeSub((Af)

=P (A7)

= U R(Am)

melN

")

slide 7 of 33
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Functions and relations
Let Abe aset, n€ INand m & IN.

o) .= a¥ RYY =P (A™)
Op = U O(An) Ra:= U R(Am)
nelN melN

For f € O and S C A™ (i.e. S € R{"):

f>S <= SeSub((Af)7)
= feHom ({4 S): (A S))

TU Dresden RST—localising algebras, and more slide 7 of 33
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Polymorphisms and invariant relations
For FC O and Q C Ra:

Inv (A; Fy :=1InvaF:={Se€Ra | VfecF: frS}
= [ J Sub ({4 F)7)

melN

Pol (A4; Q) == Pola Q= {f€ 04 | ¥YS€ Q: fi S}
= |J Hom ((AQ)"; (A Q)

nelN

TU Dresden RST—localising algebras, and more slide 8 of 33
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Galois closures

local closure of clone of term operations
Clo (A) := PolInv A = Loca Term (A)
local closure of relational clone

Inv Pol A = LOC4 [A];,

TU Dresden RST—localising algebras, and more slide 9 of 33



Clones?

Definition (Clone of operations)
=aset F C O4 such that
° e,(”)eFfoH <i<n nelNj

e fcFM gi,...,gh € F'M — fo(g,...,gn) €F
(n, me IN)

Definition (Clone of relations)
=a set Q C Ry such that
{aca| acA"Viel:aop €0} = |_| (0i)je; € Q
(5/)/‘6/

foralla: m— &k Bj: mi — Kk, ;€ QM) jel mmjeN,r

an ordinal

v
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9 Localisation
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Restricting algebras to neighbourhoods

—————————————————————————————————— (1-locally finite)

loc. =term

InvA

lu ((A;Clo (A))) (A= (AInvA))
PO|A
r U € NeighA :<—
u U = e|A] for some
Invy e € ldemA :=
(Us Poly [inv Al1)) (Alv = (U InvAlly)  {ee0e® | g’=o}
PO|U

I —{SNU"S| SelnvA}

Aly _<u{(eof) Ui | recom})
= (U {f1Y,, | reco® A foU})

Uar f
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© Global to local correspondence
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... explained via a toy example

U e NeighA = [y: A — AJy surj. hom betw. rel. clones J

Example J

TU Dresden RST—localising algebras, and more slide 14 of 33
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... explained via a toy example

U e NeighA = [y: A — AJy surj. hom betw. rel. clones J

Example

let S, T € Inv@@A suchthat So T = T o S.
[y clone hom —
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... explained via a toy example

U e NeighA = [y: A — AJy surj. hom betw. rel. clones J

Example

let S, T € Inv@@A suchthat So T = T o S.
[y clone hom —

SfuoTlu=(SoTNIy=(ToS)lu=TlyoSly

holds for Sy, TTy € Inv@A|y

TU Dresden RST—localising algebras, and more slide 14 of 33
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... explained via a toy example

U e NeighA = [y: A — AJy surj. hom betw. rel. clones J

Example

Suppose So T =T o Sholds forall S, T € Inv® A
[y surjective clone hom —
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... explained via a toy example

U e NeighA = [y: A — AJy surj. hom betw. rel. clones J

Example

Suppose So T =T o Sholds forall S, T € Inv® A
[y surjective clone hom —

oot =SlyoTly=(SoT)ly=(ToS)ly=TlyoSly="To0

holds forall 0 = Sy, 7 = Tly € Inv@A| .

TU Dresden RST—localising algebras, and more slide 14 of 33
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More useful properties

Lemma (Global — local)
A an algebra, U € Neigh A such that (U)y = A
@ [y: ConA — ConA|y is a surjective complete lattice
hom
@ A congruence modular / distributive / k-permutable
= A|y congruence modular / distributive
k-permutable
@ analogous statement for compatible quasiorders

TU Dresden RST—localising algebras, and more slide 15 of 33
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e Local to global correspondence
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What to expect. ..

Example (U € Neigh A)

Suppose So T = To Sholds forall S, T € Inv@ A
[y surjective clone hom —

cor=SlyoTly=(So T)ly=(ToS)lu=TlyoSly=To0

holds for all o = Sy, 7 = T|y € Inv@A|y.

TU Dresden RST—localising algebras, and more slide 17 of 33
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What to expect. ..

Example (U € Neigh A)

Suppose So T = To Sholds forall S, T € Inv@ A
[y surjective clone hom <—

cor=SlyoTly=(So T)ly=(ToS)lu=TlyoSly=To0

holds for all ¢ = Sy, 7 = TJy € Inv@A|y.

TU Dresden RST—localising algebras, and more slide 17 of 33
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What to expect. ..

Example (U € Neigh A)

Suppose So T = To Sholds forall S, T € Inv@ A
[y surjective clone hom <—=generally WWRONG

cor=SlyoTly=(So T)ly=(ToS)lu=TlyoSly=To0

holds for all ¢ = Sy, 7 = TJy € Inv@A|y.

TU Dresden RST—localising algebras, and more slide 17 of 33
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Separation, covering

Definition (Separation, covering relation)
letmeN, S, T eInvi™A := SubA™,
V € Neigh A and U/, V C NeighA.
® (S, 7)€ Sepp (V)iff STy #£ Tly. (Sty :=Snvm
® U separates Sand T iff 3U € U: U separates Sand T
(i.e. (5 T) e Sepa (U) =Uycy Sepa (U))
o) <cov U <= SepA (V) c SepA (u)
V is covered by U

TU Dresden RST—localising algebras, and more slide 19 of 33
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Interesting for local to global correspondence

Cov (A) :={U C NeighA | {A} <cov U} I

TU Dresden RST—localising algebras, and more slide 20 of 33



Characterisation of covers of finite algebras

Theorem (Kearnes, A. Szendrei, 2001)

Let A be a finite algebra and E C |demA.
PutU :={ime| ec E}. Tfa.e.:

@ U covers A.
@ JgecN3e,...,eq€ E3gy, ..., ngClo“)(A)
INe Clo@ (A): Xo(ejogi,...,6q00q) = ida.
9 HQEINH(U1 ..... Uq)Euq:
A retract of AJy, x -+ x AJy,




Covers for general algebras

Theorem

Let A be an algebra, e € |dem A and E C IdemA, U := im e € Neigh A and

V= {ime’ | &’ € E} C NeighA. Furthermore, let Ty := Clo(") (A) and Sy := (F)pa, where

[F o= { f € Clo™ (A) | 3V e v: imf C V¢. Moreover, we fix a choice function V: F — V satisfying
imf C V(f) forevery f € F. For a fixed finite cardinal m € IN we let p := min {m, |U|}. Then t.fa.e:

(a
(b
(c)

(d

(e

(f

(g

(h

(i

(j
(k

V separates all at most m-ary invariant relations of A that are separated in U.
V separates all pairs S, T € Inv(m)A, S C T that are separated in U, and if ) € Inv A, then V # (.
V separates all pairs S, T € Inv(“)A, S C T of p-ary invariant relations that are separated in U.

For every X C U of cardinality | X| = p the collection V separates the invariant relations pr')? So and
pr)A} Ty belonging to Inv(#) A if their restrictions to U are distinct.

For every X C U of cardinality | X| = p, we have (pr)A} So) lu = (pr)A} 7'0) lu-

For every X C U of cardinality |X| = p, we have elﬁ € pr')‘} (e o [Sp)).

Forevery X C A of cardinality | X| < m there existsn € IN, A € Term (M (A) and (fy, ..., fa) € F" such
that (eo Ao (fr, ..., 1)) % = el§.

For every X C U of cardinality |X| = p there exists n € N, A € Clo(™ (A) and (f;, . . ., fn) € F" such
that (A o (f1, ..., f)) 5% = el}.

,’;\ju is a jointly finite m-local retract of (Q[V(f) ) -

Aly is a p-local retract of [T¢c r Aly(f)-

There is an index set ® and a mapping V:® — Vsuch thaté[u is a p-local retract 01‘1'[%,E<I> Q[V(«p)'
v




Covers for general algebras

Theorem

Let A be an algebra, e € |dem A and E C IdemA, U := im e € Neigh A and

V= {ime’ | &’ € E} C NeighA. Furthermore, let Ty := Clo(") (A) and Sy := (F)pa, where

[F s= { f € Clo™M (A) | 3V € V: imf C V. Moreover, we fix a choice function V: F — 'V satisfying
imf C V(f) forevery f € F. For a fixed finite cardinal m € IN we let p := min {m, |U|}. Then t.fa.e:

(a
(b
(c)

(d

(e

(f

(g

E

(i

0

=

V separates all at most m-ary invariant relations of A that are separated in U.
V separates all pairs S, T € Inv(m)A, S C T that are separated in U, and if ) € Inv A, then V # (.
V separates all pairs S, T € Inv(“)A, S C T of p-ary invariant relations that are separated in U.

For every X C U of cardinality | X| = p the collection V separates the invariant relations pr')? So and
pr)A} Ty belonging to Inv(#) A if their restrictions to U are distinct.

For every X C U of cardinality | X| = p, we have (pr)A} So) lu = (pr)A} TO) lu-

For every X C U of cardinality |X| = p, we have elﬁ € pr')‘} (e o [Sp)).

Forevery X C A of cardinality | X| < m there existsn € IN, A € Term (M (A) and (fy, ..., fa) € F" such
that (eo Ao (fr, ..., 1)) % = el§.

For every X C U of cardinality |X| = p there exists n € N, A € Clo(™ (A) and (f;, . . ., fn) € F" such
that (A o (f1, ..., f)) 5% = el}.

,/UU is a jointly finite m-local retract of (Q[V(f) ) -

Aly is a p-local retract of [T¢c r Aly(f)-

There is an index set ® and a mapping V:® — Vsuch thatQ[U is a p-local retract Ofl_Lpgp Q[V(w)'
v




Separating m-ary relations

Theorem

Let A be an algebra, e € Idem A and E C IdemA, U := im e € Neigh A and
V:={ime' | & € E} C NeighA. Furthermore, let Ty := Clo(") (A) and

So == (F)pa, where F := { f e Clo" (A) ‘ IV eV: imfC v}. Fix a choice
function V: F — V satisfyingim f C V/(f) for every f € F. Form € IN let
w:=min{m, |U|}. Then t.fa.e:

@ Sepa(U)N (Inv(f’”)A)2 C Sepa (V)

Q VvXCU: |X|=p =
IneN3XeCo™ (A3 (f,..., f) € F': (Ao (fr, ..., f)) |4 = eld.

© AIy is ajointly finite m-local retract of (A{V(f)) or

©Q 223V: @ — V: Alyisap-local retract of [Tpea Aly(y)-




Corollary
Let A be an algebra, e € ldemA and E C ldemA,
U:=ime e NeighAandV :={imé€ | ¢ € E} C NeighA.
Furthermore, let Ty := Clo'") (A) and S := (F)pa, Where
F— {fe Clo™ (A) ] IV eV: imfC v}. Choose
V: F — V such thatimf C V(f) forevery f € F. Tfa.e:
Q@ U<V
@ VX C UIne N3 e Clo™ (A3 (f, ..., f,) € F":
Mo (f, ..., T)) 15 = ely.
© AJy is ajointly finite local retract of (A]yr))
Q@ VmeNm<|U3®nIVin: & — V:
AJy is an m-local retract of [ ,cq,, Aij(w)'

feF’
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© Optimal Covers
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Quord's on sets of neighbourhoods
ForU,V C Neigh A we define:

VC(QU = VVevilUeUu:vVcU
<> L(NeighAa,C) YV C L(Neigha,c) U

TU Dresden ®ing algebras, and more slide 26 of 33
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Quord's on sets of neighbourhoods
ForU,V C Neigh A we define:

VE(QU <= VYVevilUel:VqU
< L(NeighAq) ¥ C d(NeighA,q U
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Quord's on sets of neighbourhoods
ForU,V C Neigh A we define:

VE(QU <= VYVevilUel:VqU
< L(NeighAq) ¥ C d(NeighA,q U

V<t (U = VE(QU AU <cov V
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Quord's on sets of neighbourhoods
ForU,V C Neigh A we define:

VE(QU <= VYVevilUel:VqU
< L(NeighAq) ¥ C d(NeighA,q U

V<t (U = VE(QU AU <cov V

ForU,V € Cov (A) we have V <. (q) U iff V C (q) U.

RST—localising algebras, and more slide 26 of 33
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g-Non-refinable covers

Foru,V € Cov (A):
V <ot (q) U quasiorder
<~—=VYWevdUel: VgU
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g-Non-refinable covers

Foru,V € Cov (A):
V <.et (q) U quasiorder
~=VVevalelu: VqU

g-refinement-minimal  irredundant
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g-Non-refinable covers

Forid,V € Cov (A):
V <.et (q) U quasiorder
~=VVevalelu: VqU

5 b

g-refinement-minimal A irredundant <=~ U € Cov (A) g-non-refinal

TU Dresden RST—localising algebras, and more slide 27 of 33
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g-Cover (pre)bases

V C Neigh A g-cover prebase <= VU € Cov(A): VC(q) U.

V C Neigh A g-cover base :<=- V € Cov (A) A
V g-cover prebase

VY C Neigh A irredundant g-cover base
<= qg-cover base and irredundant cover

TU Dresden RST—localising algebras, and more slide 28 of 33
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Constructing g-non-refinable covers

V € Cov (A) g-cover base + (V, gly) has ACC ~ W
irredundant g-cover base.

V € Cov (A) an irredundant g-cover base —

@ V g-non-refinable cover

® Every g-non-refinable coverU € Cov (A) satisfiesU =4V

TU Dresden RST—localising algebras, and more slide 29 of 33
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Hands on g-non-refinable covers

— strictly irreducible neigh's = embedding-cover base.
—> embedding-non-refinable covers exist and are unique
—> = non-refinable covers exist and are unique

TU Dresden RST—localising algebras, and more slide 30 of 33
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A general localisation theory for structures
seems possible

@ structures A with carrier sets A
@ local subsets A € NeighA C P (A)

@ interesting properties IntA
RST: IntA = Sepp (A).

@ for U € Neigh A manageable properties

Mana (U) C IntA; assume Manp (A) = IntA

RST: Manp (U) = Sepp (V)

define Mana (U) := |y, Mana (U) fortd € Neigh A
let U <cov V <= Manp (U) C Manp (V)

goal: Cov (A) :={V C NeighA | {A} <cov V}
g-refinement, g-non-refinability, g-cover (pre)bases and
their related assertions still make sense
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Thank you for your attention
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