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Piecewise testable languages
Examples

Definition

Let w ∈ A∗. A word a1 . . . al ∈ A∗ is a subword of w if
∃v0, v1, . . . , vl ∈ A∗, such that w = v0a1v1a2 . . . alvl .
Notation: a1 . . . al ≤ w

Notation

Ck(w) = {u ∈ A∗ : u is a subword of w , |u| ≤ k}.

Definition

Let u, v ∈ A∗, k ∈ N. u∼kv ⇔ Ck(u) = Ck(v).
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Piecewise testable languages

Definition

L is a k-piecewise testable language iff it is the union of ∼k classes.

Definition

L is a piecewise testable language iff ∃k ∈ N such that it is the
union of ∼k classes.

Notations

Vk : monoid variety corresponding to k-piecewise testable
languages.

FVk
: the free monoid in Vk .
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Classes of ∼k

k = 1

abbacabcababba ∼1 cab

C1(w) = {a, b, c} content of w

k = 2

v = baabcacca
C2(v) = {a, b, c , ba, bb, bc, aa, ab, ac, ca, cc}

v = baabcacca ∼2 babcca = v ′

v ′ = babcca ∼2 abbcac v ′ is not a normal form

v = baabcacca ∼2 ba|b|c |ca ∼2 ab|b|c |ac = v normal form

w = acababa
C2(w) = {a, b, c , ac, aa, ab, ca, cb, ba, bb}

w = acababa ∼2 a||cb|ab = acbab = w normal form
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Kamilla Kátai-Urbán k-piecewise testable languages



Introduction
Word problem

Piecewise testable languages
Examples

Classes of ∼k

k = 1

abbacabcababba ∼1 cab C1(w) = {a, b, c} content of w

k = 2

v = baabcacca

C2(v) = {a, b, c , ba, bb, bc, aa, ab, ac, ca, cc}

v = baabcacca ∼2 babcca = v ′

v ′ = babcca ∼2 abbcac v ′ is not a normal form

v = baabcacca ∼2 ba|b|c |ca ∼2 ab|b|c |ac = v normal form

w = acababa
C2(w) = {a, b, c , ac, aa, ab, ca, cb, ba, bb}

w = acababa ∼2 a||cb|ab = acbab = w normal form
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Normal form for k=2
Normal form for k=3
Free spectra

Normal form in FV2

Definition

a%b ⇔ {x : ax ≤ w} = {x : bx ≤ w} (a, b, x ∈ A)

B(a): % class of a.

B(a) ≺ B(c)⇔ {x : cx ≤ w} ( {x : ax ≤ w}

complete ordering

Example

w = acababa
C2(w) = {a, b, c , ac, aa, ab, ca, cb, ba, bb}

B(a) = {a}, B(b) = {b, c}
B1 = B(a) ≺ B(b) = B2 ⇒ ia = 1, ib = ic = 2.
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B(a): % class of a.
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complete ordering

Example
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Example (cont.)

w = acababa
C2(w) = {a, b, c , ac , ab, aa, ca, cb, ba, bb}
B1 = {a}, B2 = {b, c} ⇒ ia = 1, ib = ic = 2.

{x : xa ≤ w} = {a, b, c} = B1 ∪ B2,

{x : xb ≤ w} = {a, b, c} = B1 ∪ B2,

{y : yc ≤ w} = {a} = B1.

⇒ ja = jb = 2, jc = 1.

If a letter x occurs only once, then jx = ix − 1, otherwise ix ≤ jx .
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If a letter x occurs only once, then jx = ix − 1, otherwise ix ≤ jx .
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B1 = {a}, B2 = {b, c} ⇒ ia = 1, ib = ic = 2.

{x : xa ≤ w} = {a, b, c} = B1 ∪ B2,

{x : xb ≤ w} = {a, b, c} = B1 ∪ B2,

{y : yc ≤ w} = {a} = B1.

⇒ ja = jb = 2, jc = 1.

If a letter x occurs only once, then jx = ix − 1, otherwise ix ≤ jx .
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w = acababa
C2(w) = {a, b, c , ac , ab, aa, ca, cb, ba, bb}
B1 = {a}, B2 = {b, c} ⇒ ia = 1, ib = ic = 2.

{x : xa ≤ w} = {a, b, c} = B1 ∪ B2,

{x : xb ≤ w} = {a, b, c} = B1 ∪ B2,

{y : yc ≤ w} = {a} = B1.

⇒ ja = jb = 2, jc = 1.

If a letter x occurs only once, then jx = ix − 1, otherwise ix ≤ jx .
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Example (cont.)

w = acababa
C2(w) = {a, b, c , ac , ab, aa, ca, cb, ba, bb}
B1 = {a}, B2 = {b, c} ⇒ ia = 1, ib = ic = 2.

{x : xa ≤ w} = {a, b, c} = B1 ∪ B2,

{x : xb ≤ w} = {a, b, c} = B1 ∪ B2,

{y : yc ≤ w} = {a} = B1.

⇒ ja = jb = 2, jc = 1.

If a letter x occurs only once, then jx = ix − 1, otherwise ix ≤ jx .
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Example (cont.)

w = acababa
C2(w) = {a, b, c , ac , ab, aa, ca, cb, ba, bb}
B1 = {a}, B2 = {b, c} ⇒ ia = 1, ib = ic = 2.

{x : xa ≤ w} = {a, b, c} = B1 ∪ B2,

{x : xb ≤ w} = {a, b, c} = B1 ∪ B2,

{y : yc ≤ w} = {a} = B1.

⇒ ja = jb = 2, jc = 1.

If a letter x occurs only once, then jx = ix − 1, otherwise ix ≤ jx .
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Normal form for k=2
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The normal form of w ∈ FV2

1 Identify B1, . . . ,Bt , in order.

2 Bi  wi : a letter in Bi occurring just once in w placed first,
and after it the remaining letters in Bi in alphabetical order.

3 vi (i = 1, . . . , t): the product of all letters a with ia ≤ ja = i ,
ordered alphabetically.

4 The normal form w := w1v1w2 . . .wtvt .

Example (cont. (cont.))

w = acababa
ia = 1, jc = 1, ib = ic = 2, ja = jb = 2.

w1 = a, jc = 1, but 2 = ic � jc ⇒ v1 = ∅.
w2 = cb, ja = jb = 2 ⇒ v2 = ab.
w = a||cb|ab = acbab.
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Kamilla Kátai-Urbán k-piecewise testable languages



Introduction
Word problem

Normal form for k=2
Normal form for k=3
Free spectra

The normal form of w ∈ FV2

1 Identify B1, . . . ,Bt , in order.

2 Bi  wi : a letter in Bi occurring just once in w placed first,
and after it the remaining letters in Bi in alphabetical order.

3 vi (i = 1, . . . , t): the product of all letters a with ia ≤ ja = i ,
ordered alphabetically.

4 The normal form w := w1v1w2 . . .wtvt .

Example (cont. (cont.))

w = acababa
ia = 1, jc = 1, ib = ic = 2, ja = jb = 2.

w1 = a, jc = 1, but 2 = ic � jc ⇒ v1 = ∅.
w2 = cb, ja = jb = 2 ⇒ v2 = ab.
w = a||cb|ab = acbab.
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Kamilla Kátai-Urbán k-piecewise testable languages



Introduction
Word problem

Normal form for k=2
Normal form for k=3
Free spectra

a5

a2
a6

a1

a7

a3

a4

1 2 3

3

2

1

0

i

j

w = a1a2a5a6a5a7a3a2a6a4a1a3

w1 v1 w2 v2 w3 v3
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Normal form for k=2
Normal form for k=3
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Normal form in FV3

a1a2a3a2a4a2 . . . a2an

a and b in block B iff
{x : ax ≤ w} ∪ {xy : axy ≤ w} = {x : bx ≤ w} ∪ {xy : bxy ≤ w}.

Main Step

B = {b1, . . . , bt}, w = ub1 . . . btv .
v̄ : normal form of v in FV2 .
vB : the subword of v̄ – first occurences of the elements of B.

wB = uvBv ∼3 w .

Note

In this step we eliminate a subword and replace it with a word
containig only the letters of the block B.
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Kamilla Kátai-Urbán k-piecewise testable languages



Introduction
Word problem

Normal form for k=2
Normal form for k=3
Free spectra

Normal form in FV3

a1a2a3a2a4a2 . . . a2an

a and b in block B iff
{x : ax ≤ w} ∪ {xy : axy ≤ w} = {x : bx ≤ w} ∪ {xy : bxy ≤ w}.

Main Step

B = {b1, . . . , bt}, w = ub1 . . . btv .

v̄ : normal form of v in FV2 .
vB : the subword of v̄ – first occurences of the elements of B.

wB = uvBv ∼3 w .

Note

In this step we eliminate a subword and replace it with a word
containig only the letters of the block B.
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Kamilla Kátai-Urbán k-piecewise testable languages



Introduction
Word problem

Normal form for k=2
Normal form for k=3
Free spectra

Normal form in FV3

a1a2a3a2a4a2 . . . a2an

a and b in block B iff
{x : ax ≤ w} ∪ {xy : axy ≤ w} = {x : bx ≤ w} ∪ {xy : bxy ≤ w}.

Main Step

B = {b1, . . . , bt}, w = ub1 . . . btv .
v̄ : normal form of v in FV2 .
vB : the subword of v̄ – first occurences of the elements of B.

wB = uvBv ∼3 w .

Note

In this step we eliminate a subword and replace it with a word
containig only the letters of the block B.
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Free spectra

Definition

The sequence |FVk
(n)|, n = 1, 2, . . . is called the free spectra of

the variety Vk .

|FVk
(n)| = the number of ∼k classes of words on at most n letters.

k = 1

|FV1(n)| = 2n

⇒ log |FV1(n)| = Θ(n).

k = 2

w  w ′, C2(w) = C2(w ′).

n! ≤ |FV2(n)| ≤ (n + 1)2n ⇒ log |FV2(n)| = Θ(n log n).
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Theorem (K., Pach, Pluhár, Pongrácz, Szabó)

Let |FVk
(n)| denote the size of the n-generated free monoid in Vk

log |FVk
(n)| =

{
Θ(n(k+1)/2), if k is odd,

Θ(nk/2 log n), if k is even,

where Θ(f ) = g if ∃d1, d2 such that d1 · g(n) ≤ f (n) ≤ d2 · g(n).
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Let |FVk
(n)| denote the size of the n-generated free monoid in Vk

log |FVk
(n)| =

{
Θ(n(k+1)/2), if k is odd,

Θ(nk/2 log n), if k is even,

where Θ(f ) = g if ∃d1, d2 such that d1 · g(n) ≤ f (n) ≤ d2 · g(n).
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