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ABSTRACT

The quasiasymptotic behaviour at infinity of certain

distributions is found explicitely.

I. The aim of this paper is to find explicitly the
gquasiasymptotic behaviour (g.a.b)) at infinity (see [5]) of
certain distributions, namely those which are or which be-
have (in some sense) at infinity as a regularly varying fun-
ction (r.v.f.).

Throughout the paper L denotes a locally :I.ntegrabie
function (1.i.f.) on (0,~) which is slowly varying (s.v.) at
infinity. Further, H denotes the Heaviside function, D the
distributional derivative.

We shall observe only the g.a.b. at infinity, since
it has a non-local property; namely it depends both on the
"behaviour" of a distribution at infinity and at finite po-

ints.

II. We shall examine first the case when the regu-
lar distribution T is defined by a 1.i.f.g on IR with
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suppT = {a,») for some a>0. We write then T =H(x-a)g(x)
and
0
(2.1) <T,¢>:= [ g(x)¢p(x)ax, ¢€S.
a

Let us prove

PROPOSITION 1. Let T=H(x-a)g(x) for a>0 and the

l.i.f. g satisfies
hod >
[lg(x) |dx < = « Then T has q.a.b. at infinity
a
of order -1 related to ;l(-
Proof. It follows at once from

1im <kT(kx),$ (x)>=1im [ g(x) ¢ (£) dx =<C6,¢>
k+ k+o a '
where

Cc = g(x)ax.

~—8

We get a special case of this Proposition if either
(x)

g (x) ~x%L(x) as x+» and o< -1 or g(x) mL—x—, X + o, but
o

(2.2) {1 gy e,
a X

However, if (2,2) is not satisfied, then we have

PROPOSITION 2. Let a>0 agnd T(x) =H(x-a)g(x),,
x€ IR, where g i8¢ a L.i.f. suoh that g(x) %E% as X+ o,

If
X

(2:3) L*(x) : = | LX) 4y, x>a
a

x
diverges to unfinity as X+, then T has q.a.b. of order
*
-1 related to -Ii—’g"i)—, X+ o,
REMARK. By [5], p.86, L* is also s.v. at infinity
(see also Parameswaran [ 41).

ProocE. We observe the function
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X
G(x) : = (H*T) (x) = [g(t) dt, xER.
. a
Since
. G(x)  _ (x) _
Ln S50 < Mnioy 7
P4

and g;G=’I', the Structural Theorem ([2]) implies the asser-

tion.
At last we have

PROPOSITION 3. Let a>0 and T(x) =H(x-a)g(x), XE€ R,
where g is a l.71.f. such that g(x) nx%L(x) as x+ o for a>-1.
Then T has q.a.b. of order o related to p(x) =x"L(x), x+ . .

Proof. It is obvious, since G(x) : = (H*T) (x)
is a continuous function on IR such that

+1
xd.

a+1

G(x) L(x) as x-+>o,

III. Let us prove (see also [2]):

PROPOSITION &4, For every S€E’NS; <there exists

a natural number n such that S has q.a.b. of order -n,n€ I,

[
related to —lh— ; X+ o,
X

Proof. For given S€E” there exists mé€ ]No and

a continuous function G on IR with suppGe[0,=) such that

d

s =p™¢ (D=§) . If suppSc<i0,al, a=»0, we have that G is

equal to some polynomial of order <m-1 on the interval
(a,»). Thus for some 0<k<m-1 and some C # 0

G (x) mka as X o,

This implies that G has g.a.b. of order k<m-1 related to
xk, X +», The Structural Theorem ([2]) implies that S has

g.a.b. of order k-m related to xk-m; X o,
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Let us remember that the distribution d(j) , a=0,

jGN yhas a g.a.b. of order -(j+1) related to————

1 X >
’ ca,
x]+l
We use this fact in the considerations which follow ,
Let g be 2 1.1.f. on R ~ {0} equal to zero outside of so-

me interval [0,a], a >0, such that
gx) ~ x*L(x) as x+0+,
where € IR and L is a s.v.f.

This function can be identified with the distributi-
on S defined by (see [3], p.13):

—_ a )
(3.1) <8, ¢s1= jg(x)¢(x)dx, $€8, 1if a>-1
o)

and
. a n-l (n-1)

: (0))dax
3.2) <g,9>:= [ g(x) (6 (x)-¢(0)-.. )
(3.2) ! " DT

if (n+l) <a<-n.

PROPOSITION 5. The distribution S defined by (3.1)

{a>=~1) has g.a.b. of order -1 related to % s X+  and

the one defined by (3.2Ma<-1) has gq.a.b. of order —(n+l)

related to _nl_+'T sX+> . where n te chogen so that -(n+l) <

< o <-n.

Proof€E. The case a > -1 is obvious.
Let -(n+l) <a<-n, n€ IN. Then for ¢ €S we have

<k™1g(kx), ¢ (x)> =kP Jg<x)<¢(—) - ¢(0)-..

n-1 a
-——X ™D gy )ax =k fg(x)
o

m) (&
“lin-11

1 Xx.n
() E)dx

ar lx) ¢
0 <& <ak, hence

n a
1im < k" 1s (kx) , 9 (x)> =—(-H-l— +< d(n),ct > jxng(x)dx as x>,

k+ow o
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Iv. Let us suppose additionally that L is also slo-

wly varying at zero (see [5], p.11).. As before, o is a real
and n natural humber.

We analyze the distribution R(x) = (x®L (x) ), defined

in the following way:

(4.1) <R,¢> = | xaL(x)q;(x)dx if a>-1;
o

2) 2 a xn-—l (n-1)
(4. <R,$> = (J; X L(x) (p(x)-¢(0)-...0 =0T ¢ (0))adx
if -(n+l) <a<-n and
(4.3)  <R,0>= [ 200 0) (0 (x) =6 (0) = .= Xor2 o (172) g,

FA xX) (p(x)-¢ T (BEET ¢
n-1
- %;_—lncp(“'”(om(a-x))dx if a=-n.

(The letter ¢ denotes always a test function from § .)

PROPOSITION 6. The distribution R(x) = (xaL(x))_,_

defined above has q.a.b. of order o related to p(x) =x*L(x),
x+», if a@Z_ and related to p;(x) = x%L* (x) if a€Z_ =

= {'17-2’-..,} .

Proof. The statement is obvious for o >-1. Let
now -(n+l) < a <-n. Then by [1] Theorem 6, we have
<BUX) > (k) ®L (k) (0 (%) - ... -
k" L(k) k*L(k) o
CXTT 1) () yay a RO T a0y (o) - -
n-1)! LK) °
n-1
-2 o™ 0))ax as xee .
Hence
R (kx) = O = n
iiﬂﬁg—"m ,¢(x)>-<x+,¢> I'(a+l)< D 'fa+n+1¢>)
where xi‘ is defined by (4.2) for L(x) =1, and this proves the

Proposition for a@2_. At last, the distribution R_ (x) defi-
ned by (4.3) has q.a.b. of order o =-n related to
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L*I'(IX) , Xx+o (L* is defined by (2.3) , since:
X
1im ———— <R__(kx), ¢ (x)> =
k+e kPL* (k)
a
L. 1 L(x) X (n-1) ) xyn-1_1
B lt-l:: {k"n+1L*(k) (c{ x® (6 (-0 (0)=. .. O "meoy o

(n2)(0)(xn2 1 _

+£,§ $(E) =4(0) - =g oy Jax) ) =

N

L AR (n-1) x" 1
= }](_ig{w cf) T((b(x)—(b (0)~...-¢ (0) D! ) dx) +

? L (kx) (n-2) x12
+ (¢ (x) -9 (0)~...~¢ (0) )dax} =
a;k < (n-2)!
a n-1
_ 1 L (kx) _ _  _ X (n-1)
= }](._j;l: -L—*—(k) {g "—"'—xn (¢(X) ¢(0) s s —(F_T)-!(b (0))dx +
2 (kx) xP7! (n~1) % 1L (kx)
+ =17 ¢ (0)dx + (p(x)-¢p(0) -~ ...
a/k x" [ i x"
(n-2) n-2
-2 -
- e K0e Un gy f FO6-0 - gy 0 7 0
- HGaen B o™ (gyyax +
ax) = ¢ x
(n-1) ak
: L - -1
el e | ;X) ax = 0+ <™V, ()"
We have used repeatedly Theorem 6 from [1], relation lim %*Q(()?)_=O

koo
from [5], p.86 (Parameswaran [4]) and the fact that L*(k) is
slowly varying, provided that L (k) is.

V. In this section f denotes a measurable function

on IR with support in [0,=) satisfying the a.b.

o
(5.1) f(x) ~ x 1Ll(:-:) as x> 0+
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and L1 is a s.v.f. at zero.

There is a question about the g.a.b. of the appropri-
ate regularization of f, if f satisfies some additional con-
ditions at infinity. Let -n-1<o,<-n. We denote by f the
following distribution

1

n-1

E___ 51 0))ax

(5.2) <f,¢>=(j) £(x) (¢ (x) =9 (0)-...— T3y,

if -n-1«< oy <-n and-

n-2

(5.3) <F,4>= £(0) (p(x)=4(0)-...- T—= 41072
o]

(0)

n-1
- %y ¢V ©@m@x) ax

for some a >0 if u1=—n.

We suppose that f satisfies the following condition
(5.4) *7 £ (x) is integrable on (a,«) .

Let us prove

PROPOSITION 7. The distribution f'from (§.2),respe-

ctively (5.2), has q.a.b. of order -n~1 related to T °
X

respectively, of order -n-1 related to —n'ITT’ provided that
. % .

both (5.1) and (5.4) hold.

Proof. We start from the equality (-n-1< oy < -n)
K+ < f£(kx),d(x)> =
o n-1 (n-1) a o
_ .h X X ) (0) n ).
=k [ £ (¢(T) -...~ ———)ax =k ( +
° k (n-1)1 ° k-1 A ({ é

Now by Proposition 5 the first integral in the last bracket
behaves as _nc_+i' as k+« for some ¢ #0 and the second by the
X ,

Lebesgue theorem behaves as
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(n) o
¢ @ ¢ (xax
k a

This finishes the proof of the first part of Proposition 7.

The case a;=-n is similar, so we omit the proof.

As a direct consequence of Proposition 7 we get

PROPOSITION 8. Let £ satisfy (5.1) for -n-1<a, <-n

1
and

a
(5.5) f(x) vx 2L2 (x) as x> (a2 < -n)

where L2 i8 w 8.v.f. at infinity.

Then f defined by (5.2) (-n-1<a; <-n), respectilvely
by (5.3) (0, =-n) has q.a.b. of order -nl-l re,lqted to FT ’
respectively, of order -n related to —— .

xn

Observe that this g.a.b. does not depend on the fun-
ctions L; and Lz. At the end we give

PROPOSITION 9. Let £ satisfy (5.1) for -n-l<a, <-n

and
(5.6) £(x)~ vaz (x) as X+

for v >0 where L, 18 8.v.f. at infinity.

Then £ defined by (5.2) has ¢.a.b. of order v rela-
ted to vaz (x).

Proof. We have

1 - 1 ~ x
(5.7 ————— <f(kx),¢$(x)>= <fx), o(X)> =
K7Ly () ' xVTIL, (k) 'k
SO S (PYMYIRE SRRVISTINNNE SL oY Sl () PN
k\)HLZ k) o k k (n-1) !

(-3

1 X
+ — £(x) () dx .
k"Lz(k) £ k
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The first part on the right side of (5.7) tends to zero as
k >+, So we have to prove that

oo

1

—— £ (kx) ¢ (x)dx + | x\’Lz(x)(b(x)dx as k+o ,
k°L, (k) a/k o

From the assumption (5.6) we have that for every
€ >0 there exists M> 0 such that

| £(x) —xVI.l2 (%) ]| < sva..2 (x) +¥ for x>1 .

This implies

[ £(kx) - (xk)”r,z(kx)[<e(xk)"L2(kx)+u for x>1

Thus we have

1

—— [ £kx)é (x)dx - ——2— [ £0cx) VL, (kx) ¢ (x) dx]| <
k"x.z (k) a/k k'L, (k) o

0

— - ; £ (kx) ~(kx) "L, (kx) | [ ¢ (x) [dx +
k"L, (k) a/k
2

+ -_l-_afk(kx)“x, (kx) | ¢ (x) | dx < v— ? xVL, (kx) | ¢ (x) |dx +
kYL, (k) o 2 L0 o = 2
M7 e L afk VL, (kx) | ¢ (x)] 4
+ ——— $(x)|dx + x L b4 X b'4
k"L, (k) o L& 5 2

From these inequalities the assertion follows.

Added in proof: Proposition 9 withy>~1 1is proved by
S.Pilipovi¢ in the paper:"On the guasiasymptotic behaviour
of Stieltjes transform of distributions} Lemma 3(to appear).
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REZ I ME

KVAZIASIMPTOTSKO PONASANJE NEKIH DISTRIBUCIJA

Data je eksplicitno kvaziasimptotika11beskonaéno-
sti nekih tipova temperiranih distribucija.



